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ABSTRACT

An analytical model is formulated for a three-dimensional nonlinear
stability problem in a rocket motor combustion chamber. The chamber is
modeled as a right circular cylinder with a short (multiorifice) nozzle,
and an acoustic liner covering an arbitrary portion of the cylindrical
periphery. The combustion is concentrated at the injector and the gas
flow field is characterized by a mean Mach number. The unsteady combus-
tion processes are formulated using the Crocco time lag model. The re-
sulting equations are solved using a Green's function method combined
with numerical evaluation techniques. The influence of acoustic liners
on the nonlinear waveforms is predicted. Nonlinear stability limits and
regions where triggering is possible are also predicted for both lined

and unlined combustors in terms of the combustion parameters.



NOMENCLATURE
Definition

constant defined in Equation 14
speed of sound
constant defined after Equations 18-2, 24
constant defined after Equation 18-2
Green's function
unit complex (v¥-1)

amplitude ordering parameter

Specific acoustic impedance, harmonic ordering parameter

radial wave number
mean flow Mach number
tangential wave number
mass flow rate

interaction index, longitudinal wave number, unit
outward normal

time dependent pressure

time independent pressure

constant of integration defined in Equation (7-0)
radius of the chamber

radial coordinate

chamber temperature

time

longitudinal perturbation velocity

chamber perturbation velocity
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Symbol Definition
W transverse perturbation velocity
¥ stretched time
z axial coordinate
o second order ceoefficient matrix
R specific acoustic admittance
Y ratio of specific heats, integral defined before Equation 25
& Dirac delta function, integral defined before Equation 25
> amplitude parameter
n acoustic frequency
8 tangential coordin te
A normalization constant, defined after Equation 17
A root of equation Jé(yam) = (0
H linear coefficient matrix
D density '
T sensitive time lag
¢ time.dependent potential function
P time independent potential function
P normalization constant, defined after Equation 18
w chamber frequency
Superscripts
* dimensicnal quantity

mean quantity

linear solution to an unlined chamber
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Definition
dominant acoustic mode

order of perturbation

injector
cylindrical
nozgle

order of the harmonic oscillation
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INTRODUCTION

Combustion instability is generaily classified into three types. Low
frequency instability (ten to three hundred hertz) is usually characterized
as a coupling between the propellant feed system and combustion chamber,
High frequency instability (seven hundred to ten thousand hertz) is the
most destructive and is usually characterized by an in-phase coupling be-
tween the combustion processes and the pressure oscillations in the com—
bustion chamber. The frequencies'of these oscillations are close to the
acoustic frequencies for the combustion chamber. Intermediate frequency
instability, thought to be generated by a coupling of entropy waves and
pressure oscillations, fills the frequency gap left by the two previous
types of instability and is not frequently observed. This investigation is
directed toward a bettér‘understanding of high frequency combustion in-
stability.

‘A rocket motor can be broken down into four areas of interest, the
combustion processes, the nozzle, a damping device, and the gas dynamic
field in the combustion chamber. The combustion processes, even in steady
operation, are extremely complex and are not well understood. The pro-
cesses involve injection, atomization, mixing, vaporization, and chemical
kinetics. A hueristic approach to modeling the combustion processes in a
gross way useful to the engineer was suggested by Theodore von Karman in
1941. His basic hypothesis was that the combustion processes could be
collected to férm a time lag which represented the residence time of the

(1)

propellants from injection to combustion. This early work led to the

Crocco sensitive time lag theory which formulates a relationship between



-2-

the thermodynamic variables of the chamber and the time lag for an element
of propellant. The time lag, T, represents the residence time before com-
bustion for which the propellant element is exposed to gasdynamic oscilla-
tions. The effect of the gasdynamic oscillations is correlated by the
interaction index, n. This parameter is an indicator of the propellant

(2,3,4)

elements' sensitivity to the chamber oscillations. This theory has

been experimentally verified and the results show good agreement with the
theory for the cases studied.(i)

The combustion parameters {(m and T) are used to determine stability
limits for a combustion chamber. WNeutral stability limits separate the
stability map into two regions. The first of these is one in which oscilla-
tions grow in time and are termed unstable, in the second one the oscilla-
tions decay in time and are stable., A combustor with combustion parameters
that lie on the neutral stability curve are termed neutrally stable.

The behavior of oscillatory flow through the convergent portion of a

(6)

nozzle has received considerable attention. Tsien treated the linear

small amplitude, problem for 2 one-dimensional, isothermal nozzle flow.

(4)

Crocco extended the analysis by dropping the isothermal assumption.

7)

Crocco and Sirignano( later extended the analyses to consider three-
dimensional.flow in nozzles of varying geometry. The problems of finite
amplitude oscillations (the nonlinear problem) has also been analyzed for
three-dimensional oscillations of moderate amplitude by Zinn and Crocco.(g’lo)
The use of a damping device is of considerable importance in rocket

engines. These devices may consist of baffles, acoustic resonator damp-

ing devices, or a combination of the two types. Baffles are blades that
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are placed perpendicular to the injector face. The mechanisms by which
baffles work is nbt understodd, and they must be treated as part of the
gas dynamic problem within the combustor. The baffle problem will not

be included in this rebort. Acoustic resonator damping devices are a
category of devices which may be attached or machined into the ecylindri-
cal periphery of the combustion chamber. The resonant chamber for theée
devices may be modeled as Helmholtz resonator, quarter-wave, or half-wave
tube. The theoretical analysis for small amplitude oscillations in
Helmholtz resonators was done by Lord Rayleighsll) The theorylhas been
extended to include nonlinear influences and empirically corrected through

the years.(12’13’14)

Recent analyses have theoretically evaluated differ-
ent resonator devices to include such effects as finite amplitude oscilla-
tions, mean and oscillatory chamber flows, liner-mean-through flow, flow
in liner backing distances (for Helmholtz geometries), and differences in
the mean gas properties of the combustion chamber and the resonanting

(16,17,18,19)

device. Experimental results show good agreement with the

above theories.(zo)

The gas dynamics of the flow in the combustion chamber is dependent
on the combustion processes, the nozzle, and the acoustic absorber (end
the baffles). By choosing particular models to describe the. combustion,
nozzle, and acoustic resonator behaviors, the stability of the flow in
the combustion chamber can, in many cases, be determined.

The stability of small amplitude oscillatioms in combustion chambers
has been extensively investigated using the time lag model to represent

(4)

the combustion process. Early studies concentrated on the influence
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of ‘the combustion process and nozzle interaction on the gas dynamics.

Oberg and Kuluva(ZI)

investigated the influence of a full length liner
on a combustion chamber with respect to frequency and decay rate. How-
ever, their work did not include the influences of mean flow in the cham-
ber, of combustion, or of the nozzle. A later full length liner investi-

(22)

gation was made by Priem and Rice which included the influences of
mean flow, combustion concentrated at the injectorn and the nozzle. A
similar invetigation to the one above with the combustion distributed

(23)

axially was performed by Sirignano. These investigations showed that
acoustic limers change both_the stability of wave oscillations and their
frequency of oscillation. These studies were fundamentally sound, but
they were not realistic. In practice an acoustic liner does not cover
the entire surface of a combustor but only a fraction of it. The linear
analysis of thé‘partially lined combustion chamber for both concentrated
and distributed combustion, with mean flow, liner and nozzle influences

has recently been completed at Colorado State University.(za’zs)

This
latter analysis determined the influence of partial length acoustic liners
at arbitrary locations and of arbitrary length of neutral stability limits
for the combustor.

The major failure of the linear analyses just described is their
limitation to very small amplitude oscillations and their inability to
predict waveforms similar to experimental results. Allied with this is
their inability to predict the possibility of triggered instability.

Triggering is defined as the initiation of finite amplitude oscillations

by the introduction of a disturbance of sufficient magnitude. This may
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coccur accidentally, through the combuscion process, or intentionally by

5

the introduction of a high pressure gas pulse or an explosive charge.
While ;t has been shown that linear analysis produces stability limit
results that are in agreement with experiment, the results do not accu-
rately predict the waveforms. The experimental waveforms are found to
have sharp peaks and shallow valleys, or even discontinuities which the
linear anélyses do not model at all.

Due to the complex nature of the problem the investigation of the
nonlinear (finite amplitude) instability is not as fully developed as the
investigation of linear instability. The behavior of finite amplitude
transverse waves in a circular cylinder was investigated by Maslen and
Moore.(26) Their investigation included only fluid mechanical effects
and did not include the influences of combuétion, mean flow, nozzle, or
damping devices. They concluded from their work that transverse waves
do not steepen into shock waves as longitudinal waves must. Their results
are of interest to the field of combustion instability because the pre-
dicted nonlinear waveforms are similar to those obsained experimentally in
rocket engines. ’

The success of the sensitive time lag concept in linear analyses has
led to its extension into the nonlinear regime. The nonlinear analyses
may be broken down into two groups. The first group studied the behavier
of one-dimensional longitudinal oscillations. Sirignano(ET) assumed con-
centrated combustion and that the chamber was terminated by a '"short"

(quasi-steady) nozzle. He demonstrated the existance of periodic, finite

amplitude, longitudinal waves near the linear stability limit. These
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solutions were unstable with respect to the linear stability limits
indicating the possibility of triggering. This analysis was extended

by Mitchell(zs)

to include the possibility of discontinuocus wave forms.
He included both concentrated and distributed combustion and, again, he
used the "short" nozzle approximation. Finite amplitude, periodic, dis-
continuous oscillations were shown to exist for both types of combustion.
It was also demonstrated that intrinsically stable waves may be triggered
to produce unstable waveforms. A later analysis by Zinn and Lores(zg)
with distributed combustion and "short" nozzle was developed to include
the transient behavior of a longirudinal oscillation. The authors were
able to show the transient and limit cycle behavior and waveforms, and
found that in some regions the waveforms exhibit shock wave characteristics.
They were also able to show that the final form of the oscillations was in-~
dependent of the initial disturbance.

The logical extension of the one-dimensional longitudinal analysis

(10)

to three dimensions was made by Zinm. His model assumed concentrated
combustion and was terminated by his previously discussed three-dimen-
gional nozzle model. Zinn showed the existence of three-dimensional,
finite amplitude, periodic oscillations. He was able to prove the possi-
bility of triggering unstable oscillations, however due to the compli-
cated nature of the final form of his equations, he was unable to determine
triggering amplitudes. Powell(BO) using a different method of analysis
studied essentially the same problem. For both concentrated and distri-

buted combustion with the chamber terminated by a short npozzle he was

able to obtain solutions to his equations and to determine nonlinear
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stability limits. One main drawback in the two previous analyses is that
they are forced by their respective analytic techniques to assume a solu-
tion in one of the spatial difections. In other words, they assume a
priori the final waveform for one of the dimensions. A more complete
survey of the work in linear and nonlinear combustion instability may be
found in any of the excellent survey papers.(23’31’32’33)

From the list of previous accomplishments in the area of nonlinear
instability, it is evident that it is desirable to find an analytical
solution te the problem in which no approximations need be méde about the
form of the spacial waveforms and to include the influence of partial
length acoustic liners on the final waveforms. This is, indeed, the goal
of this analysis.

In the present work the combustion process will be represented by
the Croceco time lag model. In addition the combustion will be taken to
be concentrated at the injector surface. This latter assumption is
equivalent to saying that the region in which combustion takes place is
small when compared to the length of the chamber, which has been shown

: co " . 4
experimentally to be relatively accurate in some cases.(3 )

The model
will include mean flow effects on the oscillations and the chamber will
be terminated by a '"short" nozzle. Since it is not the purpose of this
analysis to design tuned acoustic liners for a given chamber coﬁfigura~
tion the acoustic liner boundary conditions will be represenfed simply,
through an admittance coefficient. The use of the admittance coefficient

is consistent with the previous work in the field since results of theory

and experiments on the effect of acoustic liners are typically given in
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terms of this parameter. It is an outgrowth of the early work in acous-
tics and its extension to the area of combustion instability. The axial
location and the length of liner will remain arbitrary in the analysis.
The Green's function technique used herein has been successfully
applied to acoustic problems many times in the literature (for example
Ref. 35). One of the first demonstrations of its applicability to the

(36)

combustion instability was made by Culick in his study of solid pro-—-

pellant rockets. The solution technique used herein closely parallels

that used by Oberg,(Zl) (24) (25)

Mitchell, et al. and Baer, et al. This
technique is extended to determine an analytical solution for the non-
linear equations with discontinuous boundary conditiomns.

In summary, this report presents a formulation of the three-dimen-
gional nonlinear stability problem (subject to the aforementioned model
assumptions), solves the resulting equations using applied analysis and
numerical techniques, predicts the influence of acoustic liners on the
nonlinear waveforms, determines nonlinear stability limits in terms of
the combustion parameters n and T, and predicts regions of operation

”

where triggering is possible for both lined and unlined combustors.

THEORY
In order to facilitate the modeling of the flow in a combustor cer=-
tain simplifications must be made in order to obtain governing equations
which can be solved. The combustor model (Fig. 1) chosen for this analy-
sis has the combustion zone concentrated at the injecter, a uniform cylin-

drical cross section, a finite Mach number mean flow in the combustor,
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and is terminated by a "short" nozzle. An acoustic liner of arbitrary
location and impedance may cover a portion of the cylindrical periphery,
while the remaining uncovered chamber surface is assumed to be an acous-
tically hard wall, that is to have an infinite dimpedance.

The concentrated combustion assumption implies that the combustor
is long compared to the region where the combustion takes place, or that
the combustion zone is immediately adjacent to the injector surface.
This assumption serves to separate the gasdynamice from the combustion
processes and thus leads to considerable analytical simplification in
the gasdynamic governing equations (discussed later on) because of the
fact that the combustion processes appear only as a boundary condition
‘and not In the governing equations themselves. The response of the com-
bustion zonme mass generation rate according to the Crocco sensitive time

(4)

lag (n-T) model, is assumed to be pressure dependent only.

(n

The short nozzle or multi-orifice nozzle approximation (a col-
lection of small nozzles in the combustor exit plane) assumes that the
individual nozzle dimensions are small compared to the chamber dimensions
and the through-flow time is Small compared to the period of the chamber
oscillations. Therefore at each instant the individual nozzle behaves
as if the flow were steady or that a comstant Mach number condition
exists at the entrance to the nozzle, .

The damping influence of acoustic liners for non-vanishing oscilla-
tion amplitudes is a result of the formatiom of jets at the exit of the

passage connecting the acoustic liner's resonant cavity and the combus-

tion chamber and the eventual dissipation of the jets' kinetie energy in
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the combustor and the cavity, and to the frictional effects in the connect-
ing passage. The effectiveness of an acoustic limer is a function of fre-
quency, and maximum damping is obtained around the resonant frequency of
the liner where the pressure amplitude in the resopnant cavity is at a
maximum. The resonant frequency of the acoustic liner is a function of

the state variables énd the physical dimensions of the acoustic liner. 'In
this analysis the acoustic liners will be assumed to be tuned for all fre-
quencies. That is, it will be assumed that the physical dimensions of the
damping device will be adjusted so that the resonant frequency of the liner
corresponds to the frequency of the combustor or that the impedance is
independent of the chamber frequency.

The flow of gas in the combustor is three-dimensional and it will be
agssumed the oscillations in the flow field are pericdic and that one fre-
quency is dominant in the chamber. The concentrated combustion model
permits the gasdynamic field to be treated as a single constituent, source
free gas. It is further assumed that the gasdynamic field is homentropic,
irrotational, and calorically perfect. Tramsport phenomena, such as dif-
fusion, visgcosity, and heat conduction, are neglected in the governing
equations. The absence of diffusion 1s consistent with the single con-
stituent gas assumption. The absence of heat conduction and viscosity
lead to conservative results since they result in damping of pressure
oscillations. Two final forms of natural damping are neglected. Droﬁlet
drag is neglected because of the concentrated combustion assumption, and
wall friction is neglected, which is consistent with the inviscid assump-

tion.
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Using the model described above, a mathematical representation is
obtained by writing the conservation equations and the boundary equations
for the combustor.

The conservation equations are written as follows

Continuity:

>

% - >
ﬁ§+v-(MW)=0

Momentum:
=
% DV* <>

— 4+ VP* = .
. Dc* + 0

Homentropic Condition:

P* = cpx’

State (perfect gas relation):

p* = PRRET*

The following scheme is now used to put the governing equations in
a nondimensional form. The state variables are nondimensionalized by
their respective steady state or mean values. The characteristic velocity
and time will be the mean of sonic velocity (a*) and the wave travel time
(a*/R*), respectively, while chamber dimensions are nondimensionalized

with respect to the chamber radius. The dimensionless quantities are

L = r* . = % . - t*kR* 0 Ok
= Rx “Rx -z : =
AR*.’ R* % o
* & V&
P, 1=, ve2
p* T* a*
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The nondimensional governing equations are

Continuity:

80 z . > ‘
L+V . oD =0 (1)
Momentum:
DV . 1=t
DB'E'*?VPEO . (2)

Homentreopic Condition:

P=p' | (3)

State:
P = pT (4)

The dirrotationality assumption permits the representation of the

velocity vector in terms of a potential function.
V=T (5)
By substitution of Egquations (3) and (5) inte Equations (1) and (2), it

is possible to combine the conservation equations into a single partial

differential equation in terme of the wvelocity potential.

2 i}
o2 - 22 - (% . oy + L (b - TB)v2e
at ot 2
+ —;— Vo - T(VD -« VD) + (‘f—l)'g% V20 (6)

where Q 1is a constant of integration. The pressure is expressed as a

function of the velocity potential as follows

.

8% 1 . Xy _
Sty (Ve V) + = 9 N
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Lacking a direct solution of the above equations it is assumed that
P and ¢ can be expanded in an infinite series in powers of some ampli-
tude parameter, £, and that each order of the function ¢ may be repre-
sented by a Fourier series in time, t. By making use of the pericdicity
and mean flow Mach number assumptions the velocity potential is then

represented by

w ]
@=Mz+ I I ej¢gi; o1 k)t (8)
j=1 k=1

where M 1is the mean flow Mach number, z 1is the nondimensional axial
coordinate, i is the unit complex (VEE), j 1is the ordering parameter,
m‘ is the complex chamber frequency, k is the frequency ordering param-—
eter, t is the nondimensional time, and ¢ 4is the time dependent poten-—
tial function,

The pressure is defined similarly

w J _
P=1+1 1 ef pli) (il

P e (9)
j=1 k=l )

The chamber frequency is also represented by an infinite series in

the amplitude parameter

w = w(o) + T sjw(j) {10)
j=1 '

Before going further it is convenient to introduce a new variable

y, where y 1is the product of the frequency and time
¥ = wt (11)

The boundary condition on Equation (6) is ?& - h = AP where n is

the outward normal for the appropriate surface, and B 1is an average
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specific acoustic admittance for that surface. The surfaces are defined
as the injector plane, the nozzle exit plane, and the cylindrical periph-
ery. The cylindrical periphery can consist of two or more surfaces,
depending on the location of the acoustic liner. The acoustic admittance
changes discontinuously with the change in surfaces.

The injector boundary condition is derived using the time-lag model
to represent the combustion-processes. This model relates the rate of

mass generation due to combustion to the steady-state mass flow as follows

* * dt
m = m{l - 3t
dt

where represents the rate of change of the time lag, and m is the

dt
mass flow rate, This relationship assumes that the injection rate is con-

stant at all times., The evaluation of %%— will not be repeated here,
(4)

because it is available and clearly presented in Crocco's work., The
final form of Crocco's results will be accepted as a postulate in this

report, His relationship is

= -n@(® =P (-1
where P' = P - 1. By arithmetic manipulation we obtain the following

relationship between the admittance and the combustion parameters n and T.

8

=k o o (B(E) = P(t-T))
(2SS - ) 12)

p'(t)

Terms of p'?2 and higher are igpored in this derivation. Nonlinear

extensions to the above model have been formulated by Sirignano(27) and

(10)

Zinn, The linear formulation is used here because of its simplicity
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and because corrections to the primary combustion parameters n and T
can be ﬁalculatad through Bi in a simple way.
The chamber exit plane or nozzle entrance plane boundarylcondition
is derived using the short or quasi-steady nozzle approximation. This
approximation assumes that the dimensions of the nozzle are small com-

pared to chamber dimensions. Such a quasi-steady condition can be approx-—

imated by a uniform distribution of many small individual nozzles over the

chamber exit plane. The quasi-steady nozzle condition(S) is
+1
Vo . R _ Lo, (o) W 126D (13)
Y=1 2 y-1
52 =)
P 2Y P 2Y

where A 1is a constant.

bn the cylindrical periphery the acoustic admittance need not be uni-
form along the axial length, and when a partial length liner is present
the admittance must change discontinuously., When a liner is not present
or on the segment of the cylindrical surface which is not covered by a
liner the acoustic admitténce is assumed to be identically zero. This
implies that the surface is an aéousticglly hard wall, that does not de-
flect due to the pressure oscillations. The acoustic impedance is a
coefficient which describes the interaction of sound waves with a locally
reacting surface. The acoustic impedance for the absorber is related to

the acoustic admittance by the following equation
"B = - (14)

where k 1s the specific acoustic impedance for the absorber. The
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acoustic impedance is the term generally used in acoustic literature for
theory and experiment. In experiment (both acoustic and rocket test
firings) it is easier to determine the impedance. The reacting surface
in this case is the acoustic absorber, The impedance is a function of
absorber dimensiQFs and the frequency of oscillation within the absorber.
There are many theories, linear and nonlinear, which can be used to cal-
culate the impedance. However, the nonlinear and some of the linear
theories use experimental data to define some of the parameters used in
the theory, because of this a typical acoustic impedance is arbitrarily
chosen and used. This impedance will be constant, which implies that as
the frequency changes the absorber dimensions change such that the main
chamber frequency and the absorber frequency are the same. The absorber
dimensions are not of interest in this report, fhe reader is referred to

the work of Mitchell, et al.(aé)

for the procedure used in the designing
an acoustic absorber for a combustion chamber,

The expansions for &, p and w in terms of ¢ and harmonic con-
tent are now substituted into the governing equations, Equations (6) and
(7) and the result is separated according to powers of e. In this work
terms through 0¢(g?) were considered. Similarly, the boundary condi-
tions on the bounding surfaces are also expanded. Equations and appro-
priate boundary conditions for 0(e), 0(e2) and 0(e3) are thus obtained.
These equations and boundary conditions are lengthy. They are written
down completely in Appendix A.

For the jth order in & there are j 1linear equations and boundary

()

conditions for j harmonic components of ¢ That is, to 0{g) there
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is a single linear equation for ¢(1). To 0(c?) there are two linear
equations, one for ¢Ei; and one for ¢E§;. To 0(?3) there are three
linear equations for ¢Eig, ¢Eg; and ¢Egg. The general form of these
equations is
2 g (i)
ol - w7 BRI _p @)y w00, 00D ,

(1)
(k)

Q(j) _ ¢(j) eiky R FL(Q(j)) iz a linear function of @ and

@& - %) ()

where

L

FN L } is a nonlinear function of lower order sclutions.

In order to convert the governing equations and thelr houndary condi-
tions into integral equations, Green's functions corresponding to the
appropriate frequency values are introduced. The Green's functions satisfy

the equation

vzt 4 092 ®) - 5@t ) (15)

where Va(k) . 3 = 0 on all boundaries and § 1is the Dirae delta func-

tion. The Green's function is represented as an orthonormal eigenfunction
expansion for the chamber with no mean flow, no combustion, and solid
walls. The form of this expansion is given in Appendix A.

The partial differential equations for all orders are then converted
to integral equations using the appropriate Green's function and follow-

(34)

ing standard techniques. Details of this transformation as well as
the_completé infegral equations are given in Appendix A.

To.lowest order the linear integral equation is ekactly the same as
the one soived previously by Mitchell et al.(24) Solution is obtained

by successive approximation and results finally in a combustion zone
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eigenvalue, Bio) (or n(o) and T(O)) and a solution for ¢(l) of the
following form
1 _z nnz

¢ = ¢ + cos mb i i u Jm(llmr) cosg ——

n L

~

where ¢ 1is a solution obtained by separation of wvariables for the un-
lined chamber, and ugn is a two dimensional matrix determined by the
successive approximation technique.

To second order (im £) two integral equations result for the two
harmonic components ¢Ei; and ¢E§§' Solution of the integral equation

(2) (2)

for determines the form of

1) » *D

g (1) (1)
i

to Bi and w, and W . This solution is found to be (see

and the first order corrections

Appendix A) ¢Ei§ = 0, Bil)é o, w(l) = 0. That is, to second order no

change in frequency or combustion response elgenvalues is predicted, and
the first harmonic¢ component of the second order solution is identically

Zero.,

The sclution of the integral equation for ¢E§g results in the
following expression for ¢E§; '

(2) _
b2) ~

r L L g m len
£ m n
The three dimensional matrix o mn is evaluated directly by integration

¢(l)

of nonlinear functions of over the appropriate boundary surfaces

and bounded volume of the chamber. No iteration or successive approxi-

(1)

mation is necessary since ¢ is now a known function. Most of the
integrals can be evaluated analytically, however the ones involving

triple products of Bessel functions were evaluated numerically following
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a technique discussed in Appendix B.

3y . (3) (3)
@y’ %) 83

may be written down. In this work only the first harmonic component

To third order three integral-equations for ¢

for ¢Ei§ was considered. The reason for this is that it is this equa-
tion which serves to determine the second order corrections to the eigen-

Biz) and w(z). It is the determination of this

values Bi and W,
eigenvalue relationship (which specifies the nonlinear stability behavior
cf the combustor) which is the main goal of this research. The third
order corrections to the nonlinear waveforms are not determined, mainly
from a profound awe of the computational complexities involved. Thus,
the third order equations are invoked .only to determine the nonlinear
eigenvalue corrections; the waveforms are determined only to second order

accuracy, The determining third order eigenvalue relationship is found

to be (see Appendix A)

(1L
(2) ) (1) 3
YBi fﬁlN[m ) +M§% ]dsi
s
i

_ 2(0) 1y 2y (2) (1) (@2  (2)
=B ﬁaNH((b ’ ¢(2)s w )dso __/:/:[QN F(¢’ » ¢(2)’ W )dVO
] v
o

o]

(16)
where both H and F are known nonlinear function of lower order sclutions.
The méthod used tc determine B(z) and w(z) is to specify a
particular combustor configuration, to solve the linear equations for the
waveform and the acoustic adwittance at the injector, to solve the secend

order equation for the nonlinear waveform, and finally to solve the first
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harmonic third order equation for the second order correction to the

acoustic admittance at the injector. A demonstration of the success of
the technique in predicting nonlinear waveforms and nonlinear stability
limits in combustors with and without partial length acoustic liners is

presented in the next section.

RESULTS AND CONCLUSIONS

The analytical method developed in this investigation can be used
to predict pressure waveforms similar to experimentally observed wave-
forms and to predict regions where triggering is possible for both un-
lined and lined combustors. A particular combustor configuration will
be used to demonstrate the effectiveness of the method. The combustor
configuration chosen to demonstrate the technique is one in which several
of the parameters chosen have adverse effects on the calculations. The
combustor chosen has a long chamber (L/R = 2.7), a high mean flow Mééh
number (0.33), and an acoustic liner with strong damping influence (k = 5)
t the injector to one-third of the chamber
length. Many combustors are shorter, have a lower mean flow Mach number,
and although the admittance coefficient for the liner may be larger, the
liner typically covers a much smaller portion of the periphery. All
these changes cause positive influences on the calculational rapidity
and convergence of the technique. The configuration chosen'thus serves
as an upper limit, as far as severity of calculational problems are con-
cerned, for a wide range of combustors of interest,

After the model parameters are fixed the linear equation is solved,
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A solution to the unlined chamber is found by Bernoulli's method (separa-
tion of wvariables) and then the effect of the acoustic liner on the in-
jector acoustic admittance and the waveform is determined by a modified
Green's function technique using Picard's method (successive functional
approximations). |

Once the linear injector admittance and waveform are determined the
second order correction to the waveform can be determined. Application
of the Green's function method leads directly to a solution involving
only the eigenfunctions (QN) and a coefficient matrix (BN). The coeffi-
clent matrix (BN) involves integrals of the products of the linear
golution (¢(l)) and of the eigenfunctions. To solve for the second
order coefficients the integrals involving the spacial variables 6 and
z are evaluated analytically, There is no closed form solution for the
majority of the integrals involving the Bessel function and these are
evaluated numerically (see Appendix B).

Finally, with the second order coefficient matrix calculated, the
second order correction to the injector admittance (Biz)) can be deter-

mined through the use of the edigenvalue relatiomnship, Equation (16é). Use

of the expression Bi = -M[n(1 - eiwr) - %ﬂ then results in two equations
relating the three quantities n(z), T(z) and m(Z).
(2) (2)

In the calculations performed n and <t were required to lie

on the normal to the first order stability curve, for each point on that
(0)). For a given value of ¢,

(2) _(2) _(2)

then, the corresponding values of w s I s T and D, the normal

curve (in other words for each walue of w

digsplacement from the linear neutral stability curve could be calculated.
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Results of such calculations for the combustor chosen with no liner
are shown in Fipure 2. The linear stability curve separates the region
of stable oscillations (outside the curve) from the region of unstable
oscillations (inside the curve)., The stability curve is parameterized
in frequency with frequency increasing from right to left, For conven-
ience the ratio of the frequency to the first transverse acoustic fre-

¢

quency is used to define the frequéncy points along the linear curve,
The linear stability curve has a low minimum value for n(o) which im-
plies that the combustor at this point is very sensitive to disturbances.
The linear curve also exhibits mixed mode behavior in the range of
interest for the combustion parameters. That is, there is a transition
from first transverse at low frequencies to the combined first transverse-
first longitudinal at higher frequencies. In the figure this transition
appears as the loop with the region to the right of the loop being pre-
dominately first transverse acoustic and the region to the left of the
loop being the combined first transverse-first longitudinal acoustic mode.
The various types of nonlinear stability behavior predicted will now
be discussed, again using the frequency ratic as parameter. For frequency
ratios less than about ,93 all normal displacements from the linear sta-
bility curve are found to be negative (inside the neutral stability curve).
A region of stable finite amplitude oscillations is consequently indicated
inside the neutral stability curve for this part of the stability map.
Small amplitude oscillations grow in amplitude until they reach the ampli-

tude predicted for the n and T of interest.

For frequency ratios between about .93 and .965 along the neutral
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stability limit normal displacements are found to be positive (outside
the neutral stability curve) and to depend on € approximately quad-
radically. This type of behavior is shown in Figure 3 for frequency
ratios of .94 and .95. The region outside the neutral stability curve
for this range of frequency ratios is a region wherextriggering is pre-
dicted. Though this region is a linearly stable region, finite amplitude
oscillations aré predicfed from the nonlinear analysis. The conclusion
to be drawn is that, though the combustor is stable to small amplitude
disturbances, perturbations of sufficient amplitude may excite finite
amplitude periodic oscillations. For example, at a point displaced .075
units from the point on the neutral stability curve corresponding to a
frequency ratio of .95, a disturbance of amplitude .175 is required to
trigger the finite amplitude oscillations (see Figure 3).

Also shown in this region are dashed lines corresponding to the
locus of points requiring the same amplitude disturbance to excite oscil-
lations. The further away from the neutral stability curve one of these
constant amplitude lines is located, the more sensitive is the location
on the n,T plane to triggering. In particular at the frequency ratios
of approximately .93 and .965 all lines of constant € pass through the
neutral stability curve and no triggering is possible.

Proceeding outward from the neutral stability curve at approximately
a 45° angle from the point corresponding to a frequency ratic of .965 is
a solid-dashed line. This line represents the approximate location of a
triggering limit., Along this line disturbances of very large amplitude

(beyond the amplitude for which this analysis may be considered accurate)
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are necessary to trigger finite amplitude oscillations. Below this curve
no triggering is predicted.

For values of the frequency ratio of from .965 to 1.0l both positive
and negative normal displacements are predicted. This behavior is seen
in Figure 4. For a given positive normal displacement two, one, or zero
finite amplitude solutions may be found. When two solutions are predicted
the lower amplitude solution is assumed to be unstable, the upper stable.
Then, disturbances with amplitudes less than that of the lower solution
decay while those with amplitudes greater than that of the lower solution
either grow (if they are below the upper solution) or decay (if they are
above the upper solution) until this ampli;ude 18 the same as that of the
stable (upper) solution. The lower solution serves as a limiting minimum
amplitude for triggering in this case. The limiting displacement for
this type of behavior occurs when the lower and upper solution coincide.
The locus of these limiting displacements serves as a triggering limit in
that, for displacements beyond this locus, no triggering is possible.

The locus is shown as a solid-dashed line in Figure 2. Note that this
line is very close to the neutral stability limit for this region.

Negative displacements are also predicted in this region and are
presumed to indicate the existence of stable finite amplitude oscilla-
tions of relatively large amplitude (see Figure 4). The dashed continua-
tions of the various curves in Figures 3 and 4 indicate regions of
sufficient amplitude that higher order corrections, not congidered here

may be quite important.

The frequency regime from 1.0l on corresponds to the mixed mode
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region mentioned earlier. Here again a triggering region along with
lines of constant amplitude (dashed lines) and a triggering limit solid-
dashed line are shown.

The results for the combustor with an acoustic liner are presented
in Figures 5, 6 and 7 and are similar to those of Figures 2, 3 and 4
except that the stability curves are shifted to larger values of n.

Tﬁis indicates that a substantial overall gtabilizing effect is produced
by the liner. It can be seen in Figure 5 that the low frequency trigger-
ing repgime (frequemncy ratio less than about .95) is relatively smaller
when a liner is present. In addition the lines of constant € are more
closely spaced Indicating that larger'amplitude distrubances are necessary
for triggering when a liner is present. This is also shown in Figure 6.
{Compare with Figure 3.)

The moderate frequency triggering region which was present without
the liner is completely eliminated when the liner is in place. No two
solution or two‘normal displacement region occurs.

In the mixed mode high frequency region the size of the triggering
region is reduced and the required triggering amplitudes are increased
when a liner is present as was the case for the lower frequency trigger-
ing region,

The conclusion here is that the addition of an acoustic¢c liner not
oﬁly increases the linear stability of the chamber (the stability curves
are shifted upward) but also decreases substantially the sensitivity of
the combustor to triggering. The liner thus improves beoth the linear

and nonlinear stability of the combustor,
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The nonlinear waveforms were determined by adding the nenlinear
waveform perturbation to the linear waveform. In Figure 8 a typical
experimental pressure oscillation (from Ref. 23) is shown. The oscilla-
tion displays a sharp peak with a distorted valley. Figures 9 and 10
are the pressure waveforms as a function of time at the injector for two
typical frequencies for an unlined chamber., 1In Figure 9 the combustor
frequency 1s below the rescnant frequency and in Figure 10 the combustor
frequency is above the resonant frequency. Figure 9 shows some nonlinear
behavior in the slight steepening of the wave with a slightly sharper
peak and shallower valley. Figure 10 has a nonlinear waveform with

steepening of the waveform at the peak and a shallow valley. The results
(26) in

(30) in

in Figure 10 are similar to these presented in Maslen and Moore
their acoustic work, and the results presented in Powell and Zinn
their nonlinear stability work.

For a lined combustor the pressure-time plots (Figs. 11 and 12) are
similar to these for the unlined chamber. In Figure 11 the nonlinear
waveform coincides with the linear waveform. The liner has a sufficiently
strong influence at this wvalue of frequency so that there is no distor-
tion. At the higher frequency (Figure 12) the influence of the liner is
not as strong and in fact the wave steepening i3 more pronounced than in
the unlined chamber. In Figures 13-16 pressure is plotted versus the
axial dimenmsion., Figure 13 shows that at a.frequency below the acocustic
frequency for an unlined chamber the nonlinear wave shows steepening and
a sharper peak than the linear wave with an increase in the maximum and

.a decrease in the minimum pressure amplitude. For the same chamber at a
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frequency above the acoustic frequency (Figure 1l4) the linear wave 1s a
very flat first longitudinal wave, The nonlinear wave shifts to a more
pronounced waveform similar to a second longitudinal wave with a decrease
in the maximum pregsure amplitude. Figure 15 shows the nonlinear wave
exhibiting typical nonlinear behavior with steepening, shallower wvalleys,
and sharper peaks for a lined chamber with increases and decgeases in
the méximum and minimum pressure amplitudes. Figure 16 is the lined
chamber at a frequency above the acoustic frequency. Thé nonlinear wave
exhibits typical nenlinear behav;or with a decrease in the maximum per-
turbation pressure,

The analytical technique presentgd in this report is quite general

and from the results the following conclusions are drawn:

1. A Green's function technique can be successfully applied
in the solution of neonlinear combustion stability problems.

2. The technique can predict experimentally observed nonlinear
phenomena.

a. regilons where finite amplitude disturbances may be
triéger instability in a linearly stable engine.

b. mnonlinear pressure waveforms similar to those experi-
mentally observed.

3. The technique is applicable to a wide range of combustor
configurations as determined by the ability to handle the
"limiting" case used.

4, The addition of an acoustic liner to a combustor improves

both the linear stability (higher combustion zone response
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is required) and the nonlinear stability. (Regions where
triggering is possible are reduced and larger amplitudes
are required.)

The technique requires a reasonable expenditure of cowputer
time to determine the nonlinear behavior of a giVEn com-

bustor behavior.
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Appendix A

This Appendix presents the differential and integral equations,

boundary conditions, and eigenvalue relationships developed for the

application of this technigue.

Substitution of the expansions in € discussed in the Theory sec-—

tion into the governing equations Equations (6) and (7) leads to the

following equations to the appropriate orders in €

0(L): 726 (@ _ 4
Q=1+X0w

o):  veplH m(O)zgggéfl 2 Oy agégl) . azggi)
NERIN () 33;1) . ag;:l)

0(2): VZ@Eﬁ; ROS 323 K) . 9, (0) o az¢§§§ - E;;;;i
b o2 0@ LB L B®,
+ (-1 [w'® 39;;1 v2eD 4y 32(1) v29{1)y

2 (1) ()
zw(l)[w(O) 9<d a=¢ ]

ay? 3zdy
@? 3¢E2§ 0 o)
pgg i
(1
o 2227

9y
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The associated boundary conditicns are written

o) B .7 @,W

0£€22: VEELZL; . ; = SCO)PEEC; + B(l)]?(l)

g(0,(3) , (D (@) | 5 () D)

. == (3) e
0(e3): vo n ) (o)

(k)

At the liner B(O) = 3%1; s B(l) = B(z) = (, where k is the acouatic

impedance and 1s taken to be a real constant. At the nozzle B(O) = 'I"‘“;l M,
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(1) _ (@

= (0, where M 1is the Mach number, At the injector (com~
bustion zone) B(o), B(l), and 8(2) are complex eigenvalues to be
determined by the periodicity requirement.

The partial differential equations alﬁng with their associated
boundary conditions are conVer;ed to integral equations using a Green's
function represented bf an eigenfunction expansion as follows

- -+
gJlmn(r-)gﬂ.mn(ro)

= zEszn ),
(kw7 )2

s

2
nijn

Q

is an orthornormal eigenfunction given by

mn
cos md nne
len A% Jm(klmr)cos I
Lmm

and nimn is the frequency of the closed chamber

2.2
2 .32 n-m
Mo = Mom ¥ 12

The quantity Agm is a root of the equation
1 1
Jm(lzm;)lrEl 0 and A%mn
is the normalization constant which is dgtermined from
2 =
fffVﬂkmn d¥ 1.

Utilization of this Green's function in the governing equation and

following standard techniques(sa)

converts the partial differential equa-
tions to integral equations for each power of € and each harmonic come

ponent. To lowest order (0(g))
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where QN 18 one of the acoustic eigenfunctions for the chamber with no

mean flow, no combustion zone, liner or nozzle, is the eigenvalue

My
for the frequency of oscillation associated with the eigenfunction QN'
and Gél) is a Green's function for the chamber with one term (QN)

removed from the series for GOQ. The sclution to the linear equations is

given formally by

¢(1) = 5 + cos ﬁ ) ZR, En uEnJm(ARmr)COS :%E
where
$ - cosmB JECAE Ar)(eiZB + CeiZBZ)
AR A A VY m
7 o n
2 2
w(O)M‘:'; [w(o) M2 + (M2-1) (lﬁ ac- m(o) )];2
Bi,2 = '
’ (1)
0
oo iyeny B+ 8y +am)]
= g
[Bz + Bn*{(m(o) + MBZ)]

and ¥ is a normalization constant determined by
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7540
¥

Lmn d¥ = 1.

The coefficients uln and the specific acoustic admittance at the in-
jector are determined by a successive approximation technique (essen-
tially Picard's method)., The subscripts &,m,n represent the radial,

tangential, and longitudinal wave numbera, respectively. The reader is

(24) (37)

referred to the papers of Mitchell, et al, and Espander for a
more detailed description of the above solution technique.
To second order in € two harmonic components exist, ¢Ei; and
¢E§;. The equation for ¢E§; is
R ¢(2) 32¢(2)
+ = s ot G/E pl2a0 On 8 v L)

O

e}
w® (o B O D1y

32
Rl )ty Ot 2L 4 1,2
0
D g ()
+ — 2 +™7 + vaWm 2 e +iw(0)¢(l)]}dso

where the surface integral represents the integral over all three surfaces.

This equation in turn is divided into an eigenvalue relationship for

(1) (1)

(1)
B (2)°

and w and a lipear homogeneous integral relationship for ¢

These are, respectively

N (1)
SIS We R OP ISR e

o
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w "

o]
(2)
+ ff G(l)(r/r )YB(O) [M ——iél + im(0)¢E ] ds

0

The only consistent solution to the eigenvalue relationship is Bil) =
w(l) = (), The solution to the integral equation for ¢E§; on the other
hand is ¢Ei; = a¢(l) where o dis arbitrary. In particular o may be
identically zero. Thus the first harmonic second order equations imply
(l) (2) _
The integral relationship for ¢E§g is
(2) _ (2) (2) (1) (2) (2)
0% f{rf Oy '[£1(45)) + @ ) 1aw + gf Gy [£2(9 53
0 o
+ 526y Jas
where
(2) 24(2)
a 9°¢
(2), _ (0) (2) (2)
f1(¢(2)) = 24(2w" )M G + M s
(2)
£200)) = 8P ——(—l+ 102939827

B1 (‘b(l)) -Ll-l [(M + 1w (D))¢(1)]v2¢(1)
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The equation may be rewritten so that the terms involving ¢(2) appear

(2)

on the left hand side of the equation and the terms remaining are a

function only of ¢(1).

062 - 100 o8P 0 Eav - 17 6P 0 Pyas
¥ s

(2) (2) (2)
(o] o
=S5 Géz)g1(¢( )dv + ff G g (¢(1))ds
¥
2] 0

The right hand side of this equation can be rewritten as R.H.S. =

ZQE Z B a » Where

Lon Lmn
Q.(r )
N* o (1)
B =2 [Jrff B3 (% )1d¥
b o (@102 Ly
Q. ()
I e 5 6P ]
S, ((20w>77)° - nN)

Assuming that a particular solution can be represented as a triple

¢(2)

infinite series, = 7 0 (?), substitution into Equation (20) yields
2) NN'N

=
z, Z Eka jk(1 + Yijk + 6ijk)gijk(r) - Zgﬁm;n Bﬁmn [ (r)

where
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_ (2) >
Yise =~ féf Cig F10y 4 (F DA%,
Q
and
5. =7 6% £ @ik ))as
ijk g ik 2 o o

Due to the orthonormality of the eigenfunctions, the coefficients

o are defined as
Lmn

B
a = mmn
Lmn (1 + Glmn + YEmn)

(25)

The integrals  appearing in the coefficient Blmn’ Yimn’ and 62mn can
be evaluated analytically, except for the Bessel integrals which must be
evaluated numerically. The Bessel integrals invelve triple products of
the Bessel functions of different orders. The evaluation of these inte-
grals is discussed in Appendix B,

To third order in & three harmonic component equations occur. As

disenssed in the theory section, only the one for ¢8; is of interest
since it yields the relationship between the eigenvalues Biz) and m(z)'
The equation for ¢§§§ is
3¢(3) 524 (3)
b(3) = s e P G2 @ w A 4 w2 D,
o
R 1) - 3¢(3)
+ F(z)]d¥  + éf Gy (r/?o)ys(o)[(im(°)¢2ig + M -35319
(o]

(1)
(o), ~ (2) (1) >~ (0) (1) 9
- B H(ro)]dso + YBi é GN (r/ro)[im ) + M-—%;——]dsi
1
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Following essentially the same separation procedure as was used in
the development of the second order eigenvalue relationship the following

equation relating Biz) and m(z) results

. aa (D)

5,
i

_ (0) > _ -
=8 Iy uE s, - IS 8y PG,

o g

where F(?o) and H(¥o) are the functions defined previously.r
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Appendix B

The integrals appearing in Equations 25 and 30 are Lommel-type inte-
grals involving products of Bessel functions to the cubic and quartic
powers, The integration scheme chosen to evaluate these integrals was an
improved Gaussian Quadrature technique by Kronrod.(37) In Gaussian Quad-
rature one gives up the freedom of arbitrary end-points (a,b) for the
interval and fixes them at (-1,1) by a change of variables from x to ¥
by x = %{b—a) y +-%(h+a). Assuming the original integrand ¢(x) is a

continuous function, a new integrand is introduced as a polynomial in .

b 1
FeGdx = B2 1 p(yyay =a b)) +arolrn) + ...
a -1

where ¢(y). = ynLn(y) and Ln(y) is the Legendre polynomial. The ay
are evaluated (and corresponding values of yi) by evaluating ¢(y)
for increasing values of n and evaluatiné the weighting functions
(an) and the nodes (yn). The technique is accurate up to a pol&nomial
of order exactly 2n - 1. Kronrod's method is similar except that a
second orthogonal function is introduced and the weights and nodes are
evaluated.

b b-a 1

FoGdx = 258 L 8,00 Yoy Ay = 800,

where wn+l(y) = Y0‘+ vix! + YoxZ + ... + xn+l. This quadrature method

has an accuracy of 3o+l for even n and 3n+2 for odd n.

The forms of the integrals to be evaluated are
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1
n ) . .
é r Jm(ARmr) Jﬁ(lﬁmr) Ja(lgmr)dr (1)
1 a )
é T Jm(kgmr) Jﬁ(kﬁﬁr) JE(AEEr) Jm,(lg,m,r)dr (2)

where =1 < n (an integer) < + 1
0<m, &, m, o' € 2

] =
Jm(h =0

r)
fm r=1

The values for Alm were cbtained from tabulated values in Refer-
ences 38, 39, and 40.
Three studies were made to determine the accuracy of the Improved

(41)

Quadrature and the number of nodes needed. TFettis evaluated the

integral

1
S ot JyQa ) I, 1) I, (A, _r)dr for particular values of the
0 0 \MOm 1Y m 1M m

subscripts using Gaussian Quadrature. His results are published to five
place accuracy with an upper bound on the error of 0(10“4). For most
of the cases run nine nodes were the maximum needed to reproduce the
same solutions to the published five decimal places. The second study
involved a comparison using Simpson's rule and Improved Quadrature. The
Simpson's rule algorithm (Conte<&2)) had an internal error control which
was set at one tenth of one percent. The results for both integrals (1)
and (2) were identical within the error limit. However the Simpson's
rule algorithm was slower than Improved Quadrature by a factor of ten.

The third check on convergence was an internal check made by increasing
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the number of nodes and calculating the error with respect to the largest
node case run (21 nodes). (This corresponds to a 65th order polynomial.)
Depending on the integral evaluated the calculation time varied from 3
" to 21 milliseconds for 21 nodes on a third genmeration CDC computer.
Using this internal comparison it was found that 9 nodes gave an error
which was less than 0.001 percent when compared with the 21 node solution,
The 9 node Improved Quadrature technique was chosen for evaluating inte-

grals (1) and (2}.
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Appendix C

This section describes the use of the computer program, COMBADM, to
determine regions of triggering and nonlinear stability limits for a
given set of input parameters which characterize the combustion chamber.
The main program calls three main subroutines LINEAR, NONLINE and EIGEN.
LINEAR calculates the linear ccefficient matrix, u, and the injector
admittance, Bi. When the calculation for the linear solution are com—
pleted all variables that are not necessary later are destroyed.

NONLINE calls the routines which calculate the second order coeffi-
cient matrix., On the call to NONLINE a hollerith variable is used to
determine whether or not the linear cross product terms are calculated.
If the hollerith variable equals CROS5bPROD the cross product terms are
calculated, For any other hollerith variable they are not calculated.
After the caléulations_are complete the grogram returns to the main pro-~
‘gram.

EIGEN is now called by the main program. This is the subroutine
which calculates the second order correction to the injector admittance

(2)

and the second order correction to the frequency, W . It should be

(2)

noted that a numerical root solving technique is used to find w and
since the equation is tramscendental care must be taken in assuring that
the proper root is found. Several numerical root solving techniques

were tried and it was found that the Secant Method(qs)

was the most
dependable. The subroutine SOLSION is the root finding technique.
The input parameters are:

1. LENGNO - the problem igdentifier

2. F - the initial frequency ratio of the combustor



10.

11.

12,

13.

14,

15,

16.

17.

18.

ALENGTH

AMACH

GAMMA

G

X1

X2

ERRCR1

ERROR2

LHAT

MHAT

NHAT

LDEX

MATRIX

FINC

c-2

the length to radius ratio for the combustor
mean flow Mach Number

ratio of aspecific heats

complex number specifying the acoustic impedance
of the nozzle

complex number specifying the acoustle impedance
of the liner

the beginning of the liner opening with respect
to the injector

the end of the liner opening with respect to

the injector

the maximum acceptable error in the real part of
the combustion admittance

the maximum acceptable error in the imaginary part
of the combustion admittance

radial acoustic mode number

transverse acoustic mode number

longitudinal acoustic mode number

specifies the number of radial terms in the
coefficient matrix

apecifies the number of longitudinal terms in the
coefficient matrix

identifiar used to determine whether or not the
coefficient matrix is printed out

the increment size of the frequency ratio
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19. TMAX - the frequency for which a combustion admittance

is calculsted

20. EPSILON - initial wave amplitude
21. LOWLIM - minimum acceptable value of ?

22, OMEGING - increment of w? to start root search

23. UPLIM maximum acceptable value of w?

Sample Calculation

An example of the output from COMBADM is shown on the page immediately
following the listing of the program. It is suggested that the output be
used for comparison to insure correct operation of the program. In the
output the linear neutral stability peint for the unlined combustor is
denoted as BETAWI and the linear neutral stability point for the lined
combustor to the specified accuracy is the last value of BETAI(J) listed.
The n and T values listed next are given for the lined combustor first
and the unlined combuster next.

The nonlinear (second order) coefficient matrix is printed out next
for the unlinedlcombustor. The n and T wvalues above the line follow-

(2) _ .

ing the coefficient matrix are for w = The numerical values in-—
side the lines are the second order ;orrections. These are followed by
the corrected values for the frequency, the admittance, n, and 1. The
normal displacement 1s the distance between the linear stability point

and the stability point for the given amplitude parameter. The quanti-

ties G and Gl are the error checks for the root 2. Following

the results for the unlined combustor are the results for the lined
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combustor which are presented in the same form as above,
The form of the input for COMBADM is shown immpediately following

the list of the program. The input is on five data cards as follows:

Card 1
Columns \ Variable Type
1-10 LENGNO Alphanumeric word
11-20 Re (E) Real number
21-30 Im(F) Real number
31-40 ALENGTH Real number
41-50 AMACH Real number
51-60 GAMMA Real number
61-70 Re{G) Real number
71—80. In(G) Real number
Card 2
Columns Variable Type
1-10 Re (AK) Real number
11-20 Im(AK) Real number
21-30 X1 Real number
31-40 X2 Real number
41-50 ERROR1 Real number
51-60 ERRCR2 Real number
61-63 LHAT Integer
64-66 MHAT Integer
67—69 NHAT Integer
70-72 LDEX Integer

73-75 NDEX Integer



76-80
Card 3
Columne
1-10
11~-20
21-30
31~-40
Card 4
Columns
26-35
Card 5
Columns
1-10
11-20

21-30

C-5

MATRIX"

Variable
Re (FINC)
Im(FINC)
Re (FMAX)

Tm(FMAX)

Variable

EPSILON

Variable
LOWLIM
OMEGINC

UPLIM

Alphanumeric word

Real

Real

Real

Real

Real

Real

Real

Real

Type
nunber
number
number

number

Type

numbar

Type
nurber
number

nunber

* If the coefficient matrix is to be printed out, then MATRIX is printed
as YESBB, where B signifies a blank.
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Nomenclature
' COMBADM

w(O) OMEGA
w(2 OMEGA2
w OMEGAC
M AMACH
Y GAMMA
Yomn Function GAMM
szn | Function DELTA
n Function ETA
Jé(llm) Eunction BESPRIM
I, (e Function BESSEL
A%an Function FNORM
P Function PSI
Bl BETAL
32 BETA2
C ' C
i I
B, BETAW1
Bio) BETAI or BETA1S
Biz) BETAI2
Bi BETAILC
B BETAC
By BETAN
B MUSND and MUCROSS



Lmn

Lmn

MUSND

AMU

NorB

TAU

EPSILON
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PROGRAM COMRADM({ TAPEl, TAPEZ?. TAPEGS,. TAPE6. OUTCUT=101 )

REAL LENGTH « TJdY s TJ2 « 143 » 144

REAL N o NVEC « NSAVF(3) o« TAUSAVE(R)

COMBLEX PSI + FNORM . AN

COMPLEX F« e ANs FINCs FMAXs BETASTR

COMOLEX BETAl. BETA?, HETANs RBETACs BETALs RETAWI. OMEGA. Co AK Qs
! AK2s PSI?s AMU, BETATSe Cl2+ 1

COMPLEX D1 » 0?2 « DY » D& & N5 4 DG '

COM 0N / ALKA / BETAls HFTA2e AMACH. fAMMAL. OMEGA. ALFNGTH. Ce AK)
te AZ2se ATT:N, ~( MDA, BETAIs BETAC. SBFTAWI, LHAT MHAT. NHAT,
IHSI2eXlaXx? ‘

COMMON / BLKH / AMU{ 343%42)Y-8BETAIS{ P)+I+MATRIX

COMMON / BLKC / LENGTH o DYI(30) « N2{(3™) - D3{30) & N&{30) « NDS{30
£r » DE(3IDY « AX(?)

COMMON / BLOCK / Cl2(30+30) « ISEToIDEXsNDEXERRIP] 4ERLOW™

COMON / M52 / N(3) » TAU(3) s NVEC , TAUVEC » PRINT

LR - e el Ll ey 22 2 SIS YRR R Y R Y AR SR R F T g )

S8R
-2 -1 -]
L-2-1
[-%-2]
it 44
[-2-2 )
4 55
14 42
LR 2-
L2k
E-X-F -4
L% 54
L X2 -]
it 34
*
i 4
i 4 5
&% 4
L-2-2

THE FIRST THRFE DATA CARNS ARE THE GENER:iL SNGINF CHARACTERISTICS

THE FOURTH DATA CARD 1S5 FOR THE POSTIION AND CASFE IN PRFSS AND VFL
THE NEXT DATA CARD SCECIF'ES THE INITIAL TIME s THE TIME INCREM ,

AND THE EPSILUN

LENGND 1S THF PROBLFEM INFNTIFIER

F IS THE COMPLEX FREQUENCY RATIO

ALENGTH IS THE CHAMRBFER LENGTH TO RADIUS RATIO

AMACH IS THE CHAMBER MEAN FLOW MACH NUMBER

GAMUA IS5 THE RATIO OF THF SPECIFIC HEATS

G IS THE COMPLEY MOZZLE ANMITTANCE

AK IS THE COMPLEX LIMER ADMITTANCE

X} IS THE INITIAL LINER (OCATION

X2 IS THE LOCATION OF THF END OF THE | INER

EPRORL IS THE MAXIMiM ALLOWABLE ERRNR IN THF REAL PART OF THF SOLN
ERRORZ IS THF MAXIMUM ALLOWARLE ERROR IN THF IMAG PART OF THE SOLN
LHAT IS THE PRIMARY RADIAL WMODE
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sa4 YHAT IS THE PRIMARY TANGENTIAL MODF
#a% NMAT IS THE PRIMARY LONGTTUDINAL MODE
was LDEX AND NDFEX SPECIFY THF SIZE OF THE COEFFICIENT MATRIK IN THE L
a#a AND N DIRCTIONS RESPECTIVELY
sea [F MATRIX 1S YES THE COESFICIENT MATRICLES AQE PRINTED OUT
##2 FINC IS THE FREQUENCY RATIO INCREMENT
sa% FMAX 1S THE MAXIMUM vaLUF WHICH THE FREQUENCY RATIO WAY TAKE
e EPSTLON IS THE AMPLITUDE PARAMETER
#aa LOWLIM TS THE INITIALTIZTTION FOR THE OMEGA(?) SEARCH
st OMEGINC IS THE FREQUFNCY INCREMENT FOR OMEGA(2)
wee PPLIM IS THE MAXIMUM VALME THAT OMEGA(2) MAY TAKE
&+
#ﬁuﬁ#ﬂ--ﬂuﬁ-ﬂﬁﬂﬁﬂ-ﬂ*-ﬂ-d—#ﬁ###u#&ﬂb###ﬁ#ﬂ-##{ﬁﬂ-ﬁﬁﬂ-##ﬂﬂ###ﬂ'*%ﬁﬁﬂﬂﬂ--&ﬂﬂﬁ-#-ﬂ-t‘r%#u-re-:}
WRITE(6s10n00)
1000 FORMAT (#PM MEW RIBAON PL7 #)
2 READ(S+200)LENGNO oF s ALENGTH 9 AMACH »GAMMA Gy AK o X1 e X2+ EPRUR] sERROP?
1ILHAT s MHAT ¢NHAT s LDEX 4 NDEX +MATRIX 4 FINCFMAX - 8
IF( EOF « 5 ) S0 + 3 L
3 BETAC = 1./GAMMA/AK
G = CMPLX((GAMMA+14)/2./0AMMAL0,0 )
BETAN = AMACH #* ( G =~ 1. / GAMMA )
Jx = 39
JY = JX -}
PRINT = 10H :
IF ( JETAC .EQs CMPLX (040+0s0) L0Rs X2 «FQ. 0.0 ) JY
CALL LINEAR ( LENGND o F o 6. » AK o+ FINC 4 FMAX 4 JX )
CALL NTAU { 1./GAMMA=BETATIS(1)/AMACH , OMEGA )

n
pe-J

NSAVE(l) = N $ TAUSAVE(]l) = TaY
CALL NTAU ( 1./GAMMA-BETAWI/AMACH « OMEGA )
N{3) = N $ TAU(3) = TAU

F =F + FINC

JX = 30

CALL LINEAR ¢ LENGNO + F ¢ G o AK o FINC + FMAX  JdX )
CALL NTAU ( 1./GAMMA=BETAIS(1)}/AMACH , OMEGA )
NSAVE(2) = N, $ TAUSAVE(2) = TAU

CALL NTAL} ( 1./GAMMA-BETAWI/AMACH + OMEGA )
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N2 = N % TAU{2Y = Tau
CALL WRYTYF ‘

F = F + FINC

CALL LINFAR ( LENGNO o F o G 3 &K 4 FINC o FHMAX o JX )
CALL NTAU { 1./GAMMA=RETATIS{1)/AMACH « OMERA )

NSAVE(3) = N - § TAUSAVE(2) = Tay
CALL NTAU [ 1./GAMMA~RETAMIZAMACH « OMEGH
CALL 4RYTE ‘
CALL NORMAL

CALL REED

MATRIA = HYFS
LENGTH = ALFNGTH

HETAl = BFTAWI

BETASTR = BFTAC

BETAC = CMPLX € N.0 o 0.0 )

CALL INIT ( CI2 o AMU{L1+142) + D1 » 3 » 30 )
WRITE(6+600)

AL (1) = 3,141592453548079

AT (2 ) = A1 (1) 7/ 2.

WRITE{(64+601)

CALL CONST -

CALL NONLINE ( ICHLINEAR )

CALL FIGFN

GO TO 6

CONTINUE :

IF § JY oEQs 0 o0R. JX ,FQ, 30 ) GO YO 5
BETAI = BFTAIS( 2 ) ' :

BETAC = BETASTR

WRITE(64602)

Cal.lL. CONST

CALL NONLINFE {1nHCROSS )

N(3) = NSAVE(]) % TAU(3) = TAUSAVE(l}
NSAVE (1) = N{2) % TAUSAVE (1) = Tau(2)
NiIZ2) = NSAVE(Z) % TAU(Z) = TAUSAVEI(2)
NSAVE(2) = N{1) $ TAUSAVE(2) = TAal(1)}
N(1Y = NSAVE{(3)} $ TAL{1) = TAUSAVE(I)}
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CALL NORMAL
CALL EIGEN

N{3) = NSAVF(]) % TAU{3) = TAUSAVE(D)
HSAVE (1) = N(2) % TAUSAVE (1) = TAU(>)
N{2) -~ NSAVF (2) % TAU{Z} = TaUSAVE(2)
NSAVE(2) = N(1) T TAUSAVE(?) = Tau(n)

F = F + FINC

Jx = In

IF ( F «GTe FMAXY ) 2 4 &

N(3) = N{7} % TAU(3) = TAU(Z2)

IF ¢ JX «FQs 30 ) GO TD =0

N(2) = N1} % TAU(Z2) = TAau(l) $ GO 70 1
CALL EXIT :

FORAATCALN«TFL10.0/6F 10,00 RI1.A5/4F10 0)
FORMAT(2A10+3F10.092T10)

FORMAT (/)

FORMAT(#]1#]135(1HII/# R4AK(1THS) 443X 44A(1HT) /# #4A(1HT)®  THE FOLLOWI

SNG ARE THE NONLINEAR RESULTS #ap(IHI) /% #4A(IHZ) va3Xear (1HZ) /3 #]

$351(1H3))
FORMAT (#ORS0(1H4A)/®* SECNHND ORDERs NO LINER #/# 250(1Hv))
FORMAT (#gaS50 (1HAY/®  SECNHND GRDER. W/ LINER #/% #50{1dv))}

END
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FUNCTION RESPRIM (M, L)

DIMENSION A{10.5) ' :
caans THESE ARE THE ROOTS OF THE DERIVATIVE OF THFE BESSEL FUNCTION OF On
Canan SET EQUAL TO ZERD

A(l 1) = H.00000000

A(2 +1) = 3,R3I171597

A{3 +1) = T.01558667

Ala +1) = 10,17346814
A(5 s1) = 13.32369194
A(6 ¢1) = 1A.64T0AINDS
A(7 +1) = 19,6158585]
A(8 +1) = 2P2.,7600A841738
A(S 1) = 25.903K7209
A{l0el) = 29.n4682857%

Caunter THESE ARE THE RDOTS OF THF DERIVATIVE OF THF BESSFL FUNCTION OF 0OR
caude SET EQUAL T3 7ERN

AC1 #2) = 1.8411R7A
A2 +2) = 5.33164277 .
A(3 »2) = B.53631637
Af4 +2) = 11.70600490
A(S +2) = 14,86358863
A(6 +2) = 1R.O1552786
A(T +2) = 21.16436986
AL +2) = 24,31172684
AC9 +2) = 27,4570%057

A{10+2) 1n.60192297
Craua THESE ARE THE ROOTS OF THE DERIVATIVE OF THE BESSEL FUNCTION OF OFR

cuawd SET EQUAL TO ZERO

ALYl «3) = 1.N84273693
Al2 3} = 6,70613219
A{3 +3) = 9,9A946TA?
Alsd +1) = 13.17979708%
A{S +13) = lA.34TR8223>7
Ate «+2) = [G,5129127R
A(T +3) = 22.67158177
A(B 223} = 25,R26N3714



Canan
Couts

Caass
Cauas

CHung
Coaiti

THE ROOTS NF THE DERIVATIVE OF THE RESSEL FUNCTION OF @

THE ROOTS 0OF THE DERIVATIVE OF THE BESSEL FUNPTION oF n

THE BESSEL NUMRERS OF ORDER ZERO

A(9_93) = Z2B.9T77H7277
A(lned) = 32,12732702
THESE ARE

SET EQUAL TO ZERD

A{]l s4) = 4,70]1)RA%94
A{2 +8) = B.2)1523669
A(3 +4) = ]11,.,34592417]
A(G s4) = 14,5R5A4K29
A(S s4) = 17.78AT4TRT
A(B +4) = 20.97247A%94
A(T +4) = 24,1449974"
A(8 »a) = 27.,71005797
AL9 s4) = 30,67026R18)
A(lﬁvuﬁ = 31.H526949R
THESE ARE

SET EQUAL TO 7ERND

A{l +S) = S5,317553113
"A(2 15) = 9,72R239A2729
A(3 +5) = 12.h8190844
A(e +5)1 = 15,96419704
A{(5 +5) = 19.1950288n
Al6 D) = 2240103227
A(T7 5} = 25.5R9759&R
A{B ¢S) = 28,.7H7R362>2
A(9 +5) = 31.9385393%4
A{l9+8) = 35,1039164R
HBESPRIM = A{L, M)
RETURN -

ENTRY BESSEL

THESE ARE

FUNCTION .

A{l +1) = 1,00000000
A(2Z2 +l) = =3,4N27588N065
A3 +1) = 0.730112830n13
A4 1) = =N,249704877
A(S el1) = 0.218359407

FOR THE 7ER0DS OF " THE

14
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Ale +1) = =N,19645371
A(7 sl) = 0,1R00K337S
A(B s1) = =0,167184AN00
A(9 1) = 0.156724985
A{lNsl) = =N,148N1110R

cuate THESE ARE THE RESSEL NUMRERS OF ORNER  ONE  FOR THRE ZERNS NOF TH 2
couss FUNCTION

A(l 92) = N.5R1AA493RR
AlZ +2) = =0,146125A542
A{3 +2) = N,2732981111
A{a ¢2) = ~N,23330441FA
A(S +2) = 0207012651
A(& +2) = =D .1RANLIT4AR
A(T +2) = 0.1734590580
A(B +2) = =0,1A1AR38711
A(9 »2) = 0.1522R2969
A(lNe2) = =0,144242905

Canas THESE ARE THE RESSEL NUMRERS OF ORNER Tw0O FOR THE ZEROS OF THE R
Cansa FUNCTION

A(Y »7) = 0.4RK4961815
A2 ) = =0,3135283Nn99
A3 23) = 0.754744]1273%
Al(s +3) = «=0,2208315R]
A(S +3) = 0.197937474
Al +3) = =0,1319100N0
A(T +3) = N1ATBISSI4
A(B +3) = =N,1571951AK7
A(9 +7) =.0.14R363778
A{10+3) = =0,163RTR3I33

conuer THESE ARE THE RESSEL. NUMARERS OF ORDER THREE FOR THE 7EROS OF THE B
cenast FUNCTION

Al s4) = 0.43439427R3
A(2 +4) = =0,2911584413
Al3 54} = 0.240738175
A{a 94) = =0,210965204

A(S +4) 0.190415027



Cansan
C###ﬂ'

Al e4)
ALT +4)
A(B s4)
A(9 s4)
A{lNed)
THESE ARE
FUNCTION
A(l 5}
A(Z +5)
4{(3 +5)
Ald +5)
A{5 +5)
A(e 5)
A(T +9)
4(8 +95)
A(9 _»5) .
A(lIn+S)
GO 10 1
END

flonH

LL I L O I T I O L I
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=0,17504840%

04162954965

-9%.153102409

0.1468K56574

=N0.137844512

THE HESSEL NUMRERS OF ORDER FOUR FOR THE 7ER0OS OF TWR

043996514545
=0.,27438099049
0.729590468
=N.202753R849
04184029894
=1,169A78816
N+ 1586553772
=0.14945]1156
Nelbe]714307
~0.1350R6378
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SUBROUTINF BETAILY ( .} )
- COMPLEX AISn.AISIoAIqZ-ATq3-AISR.A15=J10UH1-PSI:AMU.HETAIS»COMEG&-
IDUMMY 314 Cl72eSUMLsSiIMPS1HMSUMG o AN

COMPLEX BETA)s RBFETAZ?. RETANe BETACs BETATIs RETAWI OMEGA C»s A .
1AK2. FS12« FNMORMs EPSIRZM

COMMON 7/ SLKA / RETAle AFTA2s AMACH, GAMMA. OMEGAs ALENGTHs Co 8K
1+ AKZ2e SETAN, RLMDA. BETATs BETAC, RETAWI, LHATe MHAT . NHATS
IPSIPeX])eX?

COMMON / RLKB / AMU({ 39 3ne2) +BETAIS( 2)+ I +MATRIX

COMMON 7/ RLOCK / C12(30430) +ISET+LDFXWNDEX«FRROR]Y «ERROKRZ

NHAI = NHAT + )

COMEGA=CMPLY {=ATMAG{OMEGA) «REAL {OMEGA) )

SUM) SSUMR=S1MIA=sHMaG=CMPLX (0:0+0.0)

Nno 19 Lk =1 4 LDEX

DUM =BESSEL (MHAT+1.LP)

DO 10 NP = 1 + NDEX

SUM&4=SUM& + AMU(LPsNP, 1) #DUM #C 12 {NHAT+1 NP}

10 CONTINUE ‘

DO 20 NP = 1 + NNEX

DUM]=AMU(LHAT +NP, 1)

SUMI=SuUMl + NDUM]

SUMPZSUM2 + DUML#(=]1,)## (NP +])

IF(NPLEQ.NHAT +1) GOTO 20

SUMASSUMI  + DUML A2 #COMERAR (NP=]) #82/ ((NP=1) ##2 -NHAT##P)

1%{1, ~{=1.2%## (NP +NHAT =1))

20 CONTINUE

AISA=ZHETAT#AK 1/PST (DIIMMY Y FJEPSTIZN(LHAT sMHAT s MHAT s ALENGTH«RLMDA)
AISI=BETANHGAMMARCOMEGA® { (=14 ) ##NHAT) #SUMZ2#FNORM (LHAT sMHAT +NHAT»
1RLMNA ALENGTH) FJEPSEZN(LHAT ¢ MHAT yNHAT 4 ALENGTHRLMDA)

ATSP= (=1e) #PAMACH#SUMIRFNARM(LHAT « MHAT o NHAT ¢ RLMDA L ALENGTH) FEPST 7N ¢
ILHAT ¢ MHAT « NHAT « ALENGTHRLMDA)

AISI=BETACHFNORM (LHAT ¢ MHAT s NHAT S RLMNALALENGTH) #RESSELL (MHAT+ 1 4LHAT)
LHSUMG/EPSIRZN(LHAT o MHAT o NHAT o ALENGTHWRLMDA)

AISE=tAKI/PSI{DUMMY) + GAMMARCOMEGA®FNORMILHAT «MPAT JNHAT «RLMDA,
TALENGTH) #SUML ) /EPSIZN(LHAT « MHAT ¢yNHAT« ALFNGTHsRLMNA)
BETAIS{2)=(al50 =AIRt -~ al®? - AIS3I/AISS
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WRITE(6+100)Js BETAIS(2) .
AN = lo /7 GAMMA = BETAIS(2) / AMACH
WRITE(641n1) AN
AlSn = BETAIS(2) = BFETATIS(1)
IF( ABS(RFAL (ATSH)/RFAL (RETATST 1 J))).LELERROR] .AND,ABS{AIMAG(ATR
10}/7AIMAG(BETAIS( 1 }))eLFLERRDR2) GO TO 7 _
BETAIS(1) = RETATIS()
RETUHRN
2 ISET = |}
F = REAL ( OMEGA )} / 1.£4118378
RETURN ‘
100 FORMAT (#0 BETAT(#sI2+%) = #42G21.14)
101 FORMAT (#+#479Xs#® N = #:26G21.1481#)
END
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SUBRPOLUTINE CALMUL JP )

CoMBLEX AMU « Gl eGP ePST DUMMY «J«DUMBLWCL 2

COMPLEX DUMl-DUMEoBFTAIS.SUMSoS¢C0MEGA-SUM1'SUM?QSU“3¢SUMQ
COMPLEX HFTAle BETAPe HETANs BETACs RETAIs BETAWI OMEGAe Co AK ],
1AKZ. PSI2. FMORM

COMMON 7 RLKA / RETAYs RFTAZ, AMACH, GAMMA. OMEGA ALERGTHs (o 4x]
by AKZs BETAN., RLMDA, AETAIy RETACs RETAWI. LHATs MHAT« MHAT.
1PSIPeX]1 427

COMMON / RBLKR 7/ aMU{ 93N 2) 23ETATIS( 2) s T «MATRIX

COMMON / RLOCK / Cl?(10v10)QISETvLDExyNDEXoERQOQlQEPQOQ2

ISET = ¢

00O 50 L =1 « LDFEX

RLMNDA]l= BESPRIM{MHAT+1.L)}

AC= BESSEL (MHAT#1+LHAT) /AESSEL (MHAT 4] 4L)

DO 50 NX = 1 « NNDEX

N=NX—-1

IF(L-EQ.LH&T,AND.N.EQ.NHAT) GOTO 4n

DUM1= CMpLX(ﬂ.oﬂ.' _

IF(LEQ.LHAT) DUWI=(RETAT-BETAHI]*AKII(EPSIZN(LHATeHHAT-NcALENGTH-
LRLMNA}) ’

DUM1= (BETAC*(GI(XEwN)-Gl{XltN))/EPSIKAT(LH&T9MHAT1N-ALENGTH-QLMD
tAL1) #AC+DUM])
DUM?=DUM1/((OMEGA**?‘ETAfLHAToMHATqNX.ALENGTH.QLMDA!)b“PSI(DHMMY)}
GOTN S0

DUMP2=  CMPLX ( 0.0 +00a0 )
AMU(L-NXa]l=DUM2/FNOQM(LHAT;MHAT;NHAT-RLMDAaALENGTH]

COMEGASCMPLA (=AIMAG(OMEGA) +REAL (DOMEGA) )

NX = 1

DUMI=CMPLX{N.0+0.0)

QUMP=CMPLX (3000}

N = NHAY

NX = NHAT + |

DO 2 NY = 1 « NDEX

NP=NY=]

IFiNeCGLNP) RW7
ClE(NXONY)=GAHMA/2o/(N““?-Np**z)“(ALENGTH*COMEG&/B-]415926*((M+NP)
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l“(SIN((N-Np}*3-14159?6”K?/ALENGTH?’SIN((N*NP’“3-141%926*X1/QLEWGTH
l))'(N'Np)*(SIN{(N’Np1*3o]415926“!2/&LENGTH)-SIN{(N*ND)*3-1415925*X
ll#ALENGTH))I-AMAPH*MD*((MP+N)*(COS((NP~N5*3.14159?6*12/ALFMGTH1-CO
1S (NP=N) 3, l¢159?6*x1/ALFNGTH))o(NP-N)*(CDS((NPoN}*a 141S892A2X2 /AL
IENGTH) =COS ((MNP+N)#3,1415026% XY /ALENGTHI) ))

GD 10 2

"8 [F(MP4FJa019410

9 Cl2(NXeNY )= (X2=X1)FCOMEGARGAMMA

GO 10 2 .

10 Cl2(NXeNY)=GAMMAR ({(SIN(DPe#NRI, 14156268 X2/ALENGTH) =SIN{2#NPI, 1415
IQEG*XI/ALENGTH’)/ﬁu/N/3o1415926“#LENGTH+GX?-K])/?-’*COMEGA'ﬁMACH/Q
1.*(SIN(N*3.la[SQEﬁ*X?/ALFNGTH)**Z-SIN(N*ﬁ.laISQ?G*XI/ALENGTHJ“*2!i

2 CONTINUE
CALL RETATJC 2 )

IF(JP.EQ+1) RETURN
DO 1 NX = 1 « MOEX
N = NX = )

00 1 NY = 1 « NDEX
NP=NY=1
IF{NEQ.NP) 344

4 Cl2 (NXsNY)I=GAMMA/2,/ (IN#E2=N p"z)“(ALFNGTH*COMEGA/3.14159?6*{fN+Np)
IF{SIN{{N~NP)#3,146]159267 X /ALENGTH) =STN{ (N=NP)#3, 1415926% X1 7ALENGTH
ll)’{N‘Np)*1SINI(N#Np)*3o1415926“12/ALENGTH}‘SIN((N*Np)*3.lalq926*1
ll“ALENGTH’Ii-AMACH*ND*((MP+N)“(COS((NP'N)“3Q1415q26*XZ1ALENGTH)-CO
lSi(NP‘N)*3-l“lGQRG“NI/ALFNGTH))+(NP‘M’§(CUS((NP*N)*3-1“159264X2/AL
IENGTHI=COS{((NP+N)#3,1415026%#X1/ALENGTHI Y ))

GO TO ]

3 IF(NPL.EG.0)S R

G CL2 (NXaNY)={X2~- XI)’CQMEGQ*GAM“A
GO 7O |}

6 ClZ(NXONY)zﬁAMMA’(((QIN(?o“N*3oIQIQQEG*XZ/ALENGTH)‘SIN(2-*N*3-Iﬁ15
19262 XL/7ALFNGTH) ) 744 /M73,14159262ALENGTH+ (X2~ =X1) /2. ) #COMEGA=AMACH/?
1.#{§IN(N*?o1415976'17/ﬁLFNGTH)**2'5{N(N*3 141592A4X1/ALENGTH} #4#2) )

1 CONTINUE
DO A0 J=2,.JP

DO RO LS = 1 « LDEX
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DO RO NX = 1 « NDREX

NS=NX-1

RLMDAZ=BESPRIM{ MHAT + 1. LS)

DUMT = BETAC#*EPSIZN(LHATMHATe NS s ALENGTH«RLMDA)Y #HESSEL { 1HAT + 1.

!LHAT)/EPSIKAT(LS-MHAT-NS-ALENGTH’PLMDAZJ/BESSELtMHAT#IOLS)
DUMY = CMPLX( 040« 0.0 ) _
SUMS=CMPLXY (04407
IF{ LS JENDe LHAT JAND. NS LEN. NHAT ) 15 16

1S AMULHAT, NXs2) = CMPLX( 0¢0 » 0.0 )

G0 TO 8¢

16 SUMYI=SUM2=S1IM3=S1IM4=CMPLY (0.0+0.0)
on 96 LP = 1 « LDEX
RLMNATI=BESSEL (MHAT +1.LP)

RLMDA4=HBESSFL (MHAT +1+LHAT)
PO 90 Ny = 1 + NDEX
SUMAL=SUMG + AMUCLPINYs 1) RCL12(NXWNY)

90 CONTINUE
SUM4=SUMa2DUMIHRLMDAYI/RLMDASG
00 21 NP = 1 » NDEX
DUM1=AMU LS NP 1)

SUM1I=SUML +DUML

SUM2=SUMZ + DUM1®(=1,)s# (NP +])

IF {(NPL.EQ.NX) GOTO 21

SUMAZSUMI + DUAI#2,#COMEGA®(NP=1)#82 #(],=(=1+) 5% (NP+NX}) /{
1(MP=l) 82 =NS&##2 }

21 CONTINUE

T SUMI=HETATS (2) *GAMMA#COMEGA#SUMY
SUMP=BETAN®GAMMA#COMFGA#® (=] +) ##NSH#SUUM2
SUMI=SUM3 ¢ AMACHE (3,14169268NS)#82, /2. /ALEMGTH#AMU (|_SaNX 1
SUMI= (=14 ) FAHACH®SUM3
DUMI=CMPLX{0.040.0)

IF{LS.ERLHAT) DUML=(RETATIS(2) - BETAWI)*®AK]

DUM1=DUM] +DUMIB (GL{X2sNS) ~G1UXLeNS))
DUM1=DUM1/PSI€DUMM¥3/FNGGM(LHATaMHﬂTsNHATqRLMDA-ALENGTH)

AMU (LS oNX+2)=(DUMY +SUM1 +5UM2 +SUM3 + SUM&)/{OMEGAR®D - ETA{LHATY
1,MH&I-NK.ALENGTHqBEsﬂﬂlMtMHAT*loLS)))/EPSIZN(LH&T.MHAT.NS,ALEMGTH.
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ZRLMNA)
80 CONTINUE _ :
IF ¢ J EQe 2 ) GO TN 14
18 DO 11 L = 1+ LDEX
00 11 N = 1 « NDEX
11 AMU(LNe1¥ = AMU(L+N.?)
14 IF ( MATFIX .NE. IHYEFS ) 6O TO 11
Kg = 1
KF = LOEX
WRITE(6+,100) Je KSs KF
DO 12 N = 1 4+ NDFEX
12 WRITE(6H+1IN]) N ¢ AMU[LQM!I’. L = KSs KF )
13 CONTINUE
IF ( AMULDEX «NDEX+1) «NF. AMUILDEXNDEXW2) ) GO TOQ 1R
CALL BETAIJ  J+1 )
IF ¢ ISET JMNE, O ) GO TO 17
60 CONTINUF
17 CONTINUE

Je = ) .
100 FORMAT(®#n N J FQUAL #,12.% L EQuaL #,11.% T0O #.12)
101 FORMAT(® # T3,# #,10613.6)

RETURN

END
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FUNCTION EPSTIKATIL sMeNSALENGTHsRLMDA)
DUMY = ALFNGTH

IF¢C N «NEL ) DUMT = nUMLs2.

IF( M «EQ. 0} GOTO 1

EPSIKAT = (0,5=M wM /(2 RLMDASRIMDA) Y #DIIM]
RETURN :

EPSTIKAT = DUM1/2.

RFTURN

ENTRY EPSIZIN
IF ( N JEQe O ) GO TO 2
EPSIKAT = ALENGTH 7/ 2.
HE TURN

EPSTKAT= ALFNGTH

RETURN

ENTRY ETA

EPSTKAT = (N=1)%{N=1}) # 3.1615926 #3,1415926 7/ (BLENATH ® ALENGTH)

1+RLMUA = RLMDA
RETURN
END



Cc-23

COMPLEX FUNCTION Gl (XoN)

REAL LENGTH - :

COMPLEX BETAls RETAP, BETANs SETACe BETAls BFTAWIs OMEGA. Co A% ..
I AKPs PSI? .

COMPLEX DUM1s GDHMe RETA

COMPLEX Mil » RFTAIS 4 I

COMPLEX D1 » D2 » D3 4 D& » DS & D6

COMMON / ALKA / BETAls RFTAZ2es AMACH. GAMMA. OMEGAs ALENGTHs Cao AK]
ls AX2+ BETAN, RLMDA, RET2AI, 8SETACs RETAWI« LHATs MHAT. NHAT,

1 PSI2¢X1le X?

COMMON 7/ BLKR / MU(3+430+2) o« BETAIS{ 2) + 1 « MATRIX

COMMON / RLKE 7/ LENGTH o« DI1(30) o 02(30) « D3(30) » D4(3I0) .« I5(3n
) o+ D6C3G) « ALC(P)

GNUM (AT +RETA«X) = (CEXP (I 4RETARCMPLX(X9040) ) # ([ *RETARCMPLX{COS(ARX)
$90eN) *CMPLX{ASSIN(A®X) o 0,0)) )/ (CMPLX (A®AL0,N)=HETA#RFTA)

A =N % 3,15615926535R979 /7 ALENGTH

Gl = (OMEGA+AMACH®RETAL) #*GDUM{A«I+BETAL+X)

IF( N .FQ, 0 .AND, CARS( BETA2) .LE., 1.E~-100 ) GO TO 1

Gl = I#GAMMA# (G1+ (OMFGA+AMACH®HETA2Y#CHGDUMIASL+RETAZ+ X))

RETURN
1 BETA = € # OMEGA ®* X
Gl = GAMMA # ( Gl + RETA ) # 1
RETURN
ENTPY G1FRST :
A = N # 3,)14]159245358979 / LENGTH
IF( N 4ERQ. 0 <AND. CABS({ BETAZ2) LLE. 1.E-100 ) GO TO S
Gl = ({AMACHRAMACH=1.)#*RFTAI®3ETAL+2.OMEGA*AMACH¥RETAL +OMEGAROMEDS

$A =MHAT#MHAT) #GDUM {A+ 1 +BETALI+BETAL « X) ¢+ {{AMACH®AMACH =l ¥
F2.RCPEETAI #BRETAR2+2. *OMEGA#AMACH#C# (RETAL+BETAR2) + (OMEGAROMEGA-MHATH
SMHAT) #2,#CI#GDUMIA I «RETA1+3ETA2+ X} +{ {AMACH#AMACH e

) 2CHCRBETAZPRETAP?+ 2, POMEGARAMACH#*BETARRCHC+ (OMEGA*OMEGA~MHAT#MHAT)
$ECH*CIHGOUM (AT +BETAP+BETAZ s X)

RETURN o :
§ 61 = ((AMACH#AMACH=1,)#BFTA1#BETA]+72.#0OMEGA#AMACH#IETA ] +OMEGA®NMED
$A =MHATEMHAT I #GDUM (A« T+RETAL+BETAY«X) +{ (AMACH®AMACH =la)#
F2.FCTHETAL*RETA2+ 2, FOMEGABAMACHRCH (RFTAL+BFTAZ) « (OMEGAROMEGA —MK
SMHAT) #2,87CI*GDUM (A I+RETAL+BETA24X) , + {OMEGA®QOMEGA=MHAT #MHA
ST)RCHCRX
RETIRN

EMD
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COMPLEX FUNCTION EPSTRZN(LeMeNsALENGTHRLMDA)
COMOLEX DUM2

DUM] = 1.

IF(MeEQLD) MIML = o5

DUMP=FNORMIL «+MeNoRLMNA ALENGTH) ##2

EPSIR7M= DUMI # DUMZ2 / 3.1415926535R979
RETIIRN

END

COMPLEX FUNCTION FNORM (L +MeNoRLYMDA s ALENGTH)
BUM] = 3414159248

IF( M +EQ, N ) DUML = 6.7831A52
DUMIZOUMIREDSTKAT (L yMoNo ALENGTHoRLMNA ) #BESSEL (Ma] o) #82
FNORM = CSQRT ( CHMPLX( DML o 0.0 ) )

RETURN

END .-

FUNCTION FO{X)
FO=,79788454-.00000077%(e/X) -2 005527409 (3. /X) =)
1-.00009512% (R./X)##3+.001372372 (3. /X) 524
P=e0N0T2805%(3./X)#854,00014476% (I, /X)##4

RETURN

ENTRY Fi :
FO=,797884564+.00000156%(3,/X)+2016596AT#(3,/X) %4
1+.00017105%(3./X) ##3=,0024951 1% (3,./X) %4+ ,0n113653% (3, /X) 545
2-.00020033% (3. /X1 804

RETURN

END
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COMPLEX FUNCTION G2(N)

REAL LENGTH - :

COMPLEX RETAls BETA?, BETANs BETACs RETAI. BETAwW{s OMEGA« Co AKl.
1 AK?s PSIZ2

COMPLEX M{J o« AMP + T

COMPLEX D1 o N? o D3 » D& » DS » D6

COMPLEX GRUM , HBFTA

COMMON / RLKA / RETAls BFTA2s AMACH. GAMMA. OMEGAe ALENGTHs Co 2aK|
ls AK2+ HETAN, QLMDA, RETAI, BETAC, RETAWI., LHATs MHATS NHAT,

I PST12¢X1ls X?

COMMON 7 BLKAR / MU(3+30+2) » AMP( 2) oI » MATRIX

COMMUN / RLKC /7 LENGTH « ND1{(30) «» N2{(30) » N3(30) « N&i{3M « N5(30
%) + DBE(30) « AL(Z) '
GBU@!A.AETA.ALENGTﬂ.N)=(RETA*(CEXP(RETA*CMDLx(ALENGTH.O.O)}*CMPth
$—1.090-0)*#(N#E)*CHPLX(-I-OvOoO)P’/(CMPLXCAqG-O)0BETA*BETA)

A = NﬂN93.laqu26535g979%3.14159?653@R97Q/ALENGTHfALENGTH

GP = =RETALZ (AMACH®RETA] +2. #*OMEGA) *GBUM (AWBFTAL* T+ ALENGTHN)

IF( N «EQ. A LAND. CABS( BETA2) .LE. 1.FE-10 ) RETURN

G2 = G2~CHdETA?# {AMACH®*RETAZ2424#OMEGA) #GBUM (A+BETAZH#T+ALENGTHN)

RETURN

ENTRY PSI
A = NHATANHAT®#3.141508265358979%3,14]15626535R979/ALENGTH/ALENGTH

G2 = GBUM ( A + 1 * RETAY « ALENGTH « NHAT )

IF( NHAT LEN. 0 «AND. CAAS( RETA2) JLE. 1.F=-100) 6O TO 3
G2 = (G2+C*GRAUM{A+IHRETADSALENGTHaNHAT)Y) /EPSTZNILHAT «MHAT sNHAT o ALE

SNGTHRLMDA)

RFETURN
362 = [ G2 + C ® ALFNGTH ) / EPSTZNILHAT+MHAT sNHATSALENGTHRLMDA)

-

RETURN
END



C~-26

REAL FUNCTIOM INTEGRL (FgAvaLHAT'L-LBARqMHAToMBAQl

DIMENSION W(ll) + Xi11)

DATA(WL T)sT=1s11)/, 021?91018375‘4-.057616658311240.09340039827ﬂ2
15..12052016961&32..136a2A00095628o.Ia1&9370ﬂﬁ2875o.1364?&90n05629.
2.12052016961472, .09340030R27825+,057516A58311244.02129101R37554/

DATALX( 1)eI=1911)/.007087319952508,.,04691007703067..122916603H7145
189+42307A534494716H43601R47934191]1+¢5n000000000000+.639R15206580AG,
2+T6923485605°84448T7TTNBIZAIPAT42449530R99IP2FADII 99204 26ANNATLA/

CONST = B - A

ARG | HESPRIM{MHAT,,LHAT)

ARG? BRESPRIM{MHAT L)

ARG = BESPRIM{MBAR,LRAR)

INTFGRL = W( 1)PF (A+CONSTHX( 1)+ARG1+ARG2+ARGY)

001 1 = 211
INTFGRL = INTEGRL + W( T)®F(A+CONSTH#X({ T)}+ARG]1+ARGZ+ARRI)

RETURN
END
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REAL FUNCTION Il ( X o RLMDA o+ RL{MDAL + RLMBRAR )

THIS FUNCTION SURPROGRAM ASSUMES THAT MRAR FQUALS TkO MHAT

AND THAT MHAT EQUALS ONE

REAL JO « J1 » J?

J2U ARG ) = 2,%J1(ARG) /ARG=JO (ARG)

THESE ARE THE INTEGRALS FOR M EQUAL ZERD
T1=J1{RLMDARX Y #JL{RULMDAL#X) #IQ(PLLMBAREX) /X % RETURYN

EMTRY T2 % I1=J1{(RLMDA#X) 2] (RLMBAL®X} BRI (RLMBAR®X) #Y § RETURN

ENTRY I3 % T1=JO0(RLMNDAL#X)#J] (RLMDA®RX) # g (RLMBAR®X) & RETURM

ENTRY [4 $ TI1=JOIRLMnA®X)#J] (RLMDALRX) #ID(RLMBAREX) & RETURN

ENTRY IS & I1=X®#JO(RLMDA®X)#JO(RLMDAL®X) #JO(RLMRAR®X) % RETURN

THESE ARE THF INTEGRALS FOR M EQUAL TwO

ENTRY I6 & T1=JI{RLMNASXI#JI(RLMDAL#Y ) # J2(PLMBARRX) /X $ RETURN

ENTRY 17 % T1=J1(RLMDA#X)#J) (RLMDALRX)SJ2(RLMBARRX)I#Y § RETURN

ENTRY IA % Tl=Jo(RLMnAL#y)#J1(RLMDA#XY# 2 (RLMBAR®X) % RETURN

ENTRY 19 & T]1=JO(RLMDA®XY#J] (RLMDAL#X) *J2 (RLMBAR®X) % RETUPN

ENTRY 110 % T1=X#JO(RLMDA#X) #JO{RLMDAL#*X) #J2 (RLMRAR®Y) % RETURM

ENTRY 111 & Tl = X®JO(RLMDARX) #JO(RLMBAR™ " 7)1 (RLMDA®YX) $ RETURN

ENTRY 112 % T1 = JO(RLMBAR®X) #JY{PLMDA®X) ##2 B RETURN

ENTRY 113 %5 Tl = X#J4A(RLMDARX) #JT(RLMDARX) # 2 ({R_LMBAR®X) % RETUPRH

ENTRY T14 $ T1 = J1{QLMDA%X)B#2#J2 (RI_MBAR#®X) 5 RETURN

ENTRY I15 5 I1 = JI{RLMDA#X) #8228 )] (RI_LMBAR®X) $ RETURN

ENTRY R1 & 11 = X#(JUN(RLMDA#X)FJ) (RLMDARYX) ) ##2 % QETURM

ENTRY R2 & 11 = JO(RLMDA®X)}®J) (RLMDA#X) ##] & RETURN

ENTRY R3 & 11 = J1(PLMDAuX)#d4/X % RETURN

ENTRY Ra § T1 = JUI(RLMDA®X)#%458X 3 RETURN

EMYRY RS S [1 = JSJO(RLMDARX)##3% )] (RLMDARX) % RETURM

ENTRY R $ 11 = (JO(RLMNDARX)RJ](RLMDASX) ) R#D /X $ RFETURN

ENTRY RT & I1 = JOA(RLMDABX)Y®JL(RLMDARY) 223/ X/ X % RFTURN

ENTRY R] & 11 = JI(RLMDARX)®RG/X/X/X $ RETURN

ENTRY RO § I1 = (1le.-PLMRAR#RLMBAR/RLMDA/RLMDA)#3FSSFEL (IFIX(RLMRARS

1) IFIX(RLMDAL) ) RED /2,
END

$ RETURN
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RFAL FUNCTION JO(X)

IF{X=13.)50+50.51 :
50 JOZ1e=2e2699997# (X/ 1) #8241 ,2656208% (X/3.)##4=31638AA% (X/T.) 586

1+.046644704(X/3,) ##A=_0030446%(X/3,)#410+,0002100#(X/3,)%%])2
RE TURN
S1 JO=(FO(X)2COS(THN (X)) /SORT (X}
RFTURN
ENTRY J}

IFi{X=3)57+452.53
52 J0z(e5=,562490R5# (X/3,)#82+,21093573#(X/3,) ##4=,N39542R9% (X/3,)

1*“6+.004433IQ*(X/3.)**8—.00031761*(X/3.)““10+.0000110°“(X/3.)**l?
2rax h
RETIRN
53 Jo=(FLIX)2COS(THL (X))} /SART (X)
RETURN
END
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/
SUBGOUTINE LINEAR ( LENGMD o F o G ¢ AK o FINC o FMAY o+ JX )
COMDOLEX BETAl. BETA?, BETAN, BETAC. RETAly RETAWIs OMEGA. Ce AK].
1 AK2s PSIPe AMY, BETAIS. C12
COMPLEX Gos AM, AKy T4 Ab. ASe BETA, DUMI. DUM2e PSTs OUMHY. Gl.
1 GEQFOAKAQFINCQFMAX :
COMMON / BLKA / BETAls BFTA2s AMACHe GAMMA. OMEGA+ ALFNGTHe Ce AK]
Ls AK2+ HETAN. RLMDA, RETAIs BETACs RETAWI. LHATy MHAT« NHAT.
IPSI2eXleX?
COMMON / BLKB / AMU( 3+3%92)+3ETATST 2} +1sMATRIX
COMMON / RLOCK 7 Cl2(30430) + ISET4LNEX Y NDEX «FRROR] « FQQORE
I = CMPLX ( (0.0 o 1,00 )
RILMNA = BESPRIM { MHAT + 1 + LHAT )
NHAT = NHAT + 1
OMEGA=F#],A4]11R378
ﬁETQ“CSORT(OVFGA*AHACH*OMFGA*AMACH+(ﬁMACH“A“ACH 1) #(RLMDAHSD -
LOMEGAROMERAY ) /(]  =AMACH®AMACH)
HETAL= (OMEGARAMACH) /(1 .~aMACH®AMACH) +RETA
BETAZ=(BETAL)~2.%BETA
C == CEXP (I # ALENGTH # ( BETAl -~ BETAZ ) )
C =C # (BETAl + BETAN # GAMMA & (OMEGA + AMACH # BETAL )1 /7
I BETA? + BETAN # GAMMA # (OHEGA + AMACH # HBETAZ2 1)
PSI>» = PST{ DUMMY )&##2
AK1={OMEGA+ AMACH #RETA1+CH (OMEGA+ AMACH#®#BETAR) ) #GAMMA
AK1= CMPLX{=AIMAG{AK1) «sRFAL (AX]))

DUM1 = CMPLX(=AIMAG(RETA1)+REAL(BETA1))
DUM1 = DUMLI#ALENGTH
DUM2 = CMPLX (~AIMAG(RETA?) ,REALIBETA2))
DiMP = DQUM2FALENGTH

AKP2 = ({OMEGA+AMACH*RETA1)*CEXP(DUM1)+(OMEGAoAMACH*HFTAZ)*C*CErDt
1D0UMP) ) FGAMMA

AK2 = CMPLX(~ATMAG (AK2) »REAL (AK2))

At = AKL/FPSIZN(LHAT «MHAT,NHAT»ALENGTHIRLMDAY /PST (DUMMY)

AS=2ETACH (G1 (X2 +NHATI =Gl (XY +NHAT) ) /EPSIKAT(LHAT 4 MHAT +NHAT« ALENGTH
IRLMNA) /PST (DiiMMY)

RETAW! = (OMEGA222 ~ ETA(LHATsMHATsNHAT«ALENGTH«PLMDA) = (AMACH®G2(
INHAT) 7ZEPSTZNILHAT ¢ MHAT o NHAT s ALENGTH s RLMDA) +BETAN2AK P2 /EPSTZN(LHAT o



100
101

BETAL = BETAWI - A5 / A4

BETAIS( 2 )
WRITE(64100)
WRITE{(6+110)
WRITE(6.116)
WRITE(6.117)
WRITE(6+118)
WRITE(64+4110)
WRITE(6s1N1)
WRITE(Gs115)
WRITE(A«113})
WRITE(64102)
WRITE{6.120)
WRITE(64121)
WRITE(54108)
WRITE(64105)

= BETAIS (1)

LENGNO )
LDEX s+ NDEX
AMACH

GAMMA

OMEGA
ALENGTH

C-30

BETA]

LHATs MHATe NHAT

AleX2
F
BETAN
t)
BETAC
AK
BETAWL

AN = 1« /7 GAMMA -~ BETAWI / AMACH

WRITE(6+103)

AN

IMHAToNHAT s ALENGTH W RLMDA) # (=14 ) #8 (NHAT+2) ) /PST (DUMMY) ) /A4

BETAWI = ( BETAL + € # BFTA2 ) / ( GAMMA ® (OMEGA # ( lo ¢ C ) +

WRITE(64112)

AN = l. / GAMMA - BETAWI / AMACH

WRITE(6,10)
WRITE(6.109)

AN = 1. / GAMMA = BETAIS(1) / AMACH

WRITE(641C)

BETAW]

AN
BETAIS(1)

AN

I AMACH # ( BETA)] + C # BFYA2 ) ) )

IF ¢ X?QLEOIQE'IUQOR-CABQ(BETAC)QLEUIQE-IO) GO TO 1

JY = JX -}

CaLL CaLMis{ Jr )

JX = JY +
IF¢ JX JED,
WRITE (6.]122)
RETIRN

FORMAT(#]1 THIS IS ENGINE NUMBER #A19)
FORMAT (#0 THF PRIMARY MONE ASSUMED IS LHAT

30 ) 2 + 3

Hel2e# MHAT

RyIPen



c-31

INHAT = #412)
102 FORMAT(#0 BFTAN = %,2G21.14)
1073 FORMAT(HetaTOX st N = 44723021140 %)
106 FORMAT(#0 BETAWI = #,2G21.14)
107 FORMAT(P0#+0G2 a14e® WAS THFE TIME FOR THE ITERATION #.0G21.14%)
1N8 FORMAT (#+8,TnxXe% K = #42021614) ,
109 FORMAT (%0 BFETAI( 1) = #.2G21.14)
110 FORMAT(#+847AXe8# THE COEFFICIENT MATRIX IS5 #.012.% X#,[3)
112 FORMAT(#0 HBFTAWID = ®42G21.1%)
113 FORMAT(#0 w/un = #42G21.14)
115 FORMAT(#+a,70x4% THE LINFR BEGINS AT #4F6.4+% AND EMDS AT #.F&,.4)
116 FORMAT (#0 THE MACH NUMSER IS #,G621,.14)
117 FORMAT (#+#,T70Xe% THE RATIO OF SPECIFIC HEATS IS5 %4G2t.l4}
118 FORVAT (#0 THE FREQUENCY TS #4 2G21.14)
119 FORMATlﬂ'*-TQXo* THE LENGTH OF THE COMBUSTOR IS #.621.14)
120 FORWAT(#+#4T0Xe#% G = #,4 2621.14)
171 FOR“AT(#(0 BETAC = #, 2G21+14)
122 FORMAT (#]1#]13S(1H®) /8 #4T7(IH#)# THE COMBUSTION RFSPONSE DID NOT CNON
SVERGE Has(lH#) /4% 4135(1H*))
END

FUNCTION THO(X) .

THO=X-e 78539816, 041AA397# (I, /X)}=.000039S4" (3./X) 88D, 002625730
1(3./7X)#83= 00541258 (3. /X) #%4=-,00029333% (3, XY 00013558%
2{3.7X) 004

RE TURN
ENTRY TH]

THE=X-2,356196404,12499612% (3./X} +. 00005502 (3. /X) 48D
1-.0ﬂ61TR7Q*(1 ZX)ERTIL 00NTLILBH (I, /A ER44 ,D00T9AP4R (I, /X) 285
?=.01029]18K% (3, /X) g
RETHRN
END
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SUBPOUTINF CONST

REAL 11412913514 1SeT60175IB4I94110¢INTEGRL<LENGTH

COMPLEX D1l ¢ D2 » D2 ¢ D4 » D5 + D6

COMPLEX A + R ¢ D 4IST6(30+3+2) o+ GIFRST

COMPLEX K1 82s Te BETANe BETACe ARETATy BETAWI W OMEGA« C» AF]a
1 AK?e PSI2e MU 5 AMP 5 C124FNORM

COMMON 7 B8LKA 7/ R1 + B2 v AMACHs GAMMAs OMEGA. ALENGTHe Co 4K1
1+ AKZ2s BETAN. RLYDA, BETAle« BETACs RETAW]« LHATy MHAT NHAT.
IPSI2eX14X2

COMMON / BLKR / MU(3+30+2) s AMP( 2) «I o MATRIX

COMMON / RLKC / LENGTH 4 D1(38) s D2(30) « D3I(30) « D&{3IN) « DS{30
$) » D6(30) « AL(2)

COMMON 7/ BLOCK / Cl2(30530) yISETILDEX«NDEX+ERROR] +ERRPORY
EQUIVALENCE ¢ D1 € 1 ) « ISI6 (1 1 1} )

EXTERNAL 1112413916415+ T6s]17918:4TI94110

D(ABeXosN) = (A#({CEXP(ARCMPLX (X2040))#CMPLX (=10 040a0) % (N+D2) +CMPL X
$(=1.0+0.0)))/(A%A+BER)

NOTE THAT IN THIS SUBROUTINE BETA] + BETA2 BECOME 81 + B2
RESPECTIVELY.

8 = CMPLX ( N # 3,161592s5358979 / LENGTH s+ 00 )

DI{NXI=BL12D (2.7 I*B] +R4LEMGTHN) ¢BA#C BD(IRRIGBLLENGTH(N) +C #C
$ RRZHMD(I#2.4B24B4LENGTHN)
D?(NK’=81”31*81*0(20*I“H1!B!LENGTH’N)+BI*BE“B3*C #*D(I#RI«HLFNGT
FHeN) +320828830aC #C #N (2 HI#R24B4LENGTH4N)
D3(Mx]=D(29*I*BlGB!LFNGTH9N)4C°20*D‘I*B3OBGLENGTHQN)+C #C D1
2,982+ B¢LENGTHN)
DQ(NK’=BI*BI*D(2-*I*R]9HQLENGTH9N)*C“{Bl*ﬁl*BE*B?’“D(I*B3OBOLENGTH
TaN) +CHC RH2FAZED (2. # %82 ,RyLENGTH4N)

OSINKI=a1#B 19N (2.4 I#R) +B.LENGTHN) +2,2C BR1I#AZ2#D (T#HAZLRLLENGTHWN
$}+C #C HFR2MPIRD (P, HIOR24RLENGTHN)

IF ¢ CABS ( B2 ) eLfLs 1uF=100 ) 4 + 5
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DL( 1)=8130(2.,21481,R+LENGTH.() +B3%C 2N (1¥83+3LENGTHA)

D21 1)=B1ad1oR]1#D(2,8]#8)+B,LENGTH.D)

DR 1)=D(Pa*IRALsBsLFENGTH Q) +C22 . 8D (THBIaBoLENGTH 0} +CHCHLENGTH
Dol 11=R1#31#0{2.%I#R] +sBLENGTH40) +CH(B|#B1+R2*AIIFD(I#AF«B4LENGTH
$.0) ‘

DS 11=31481#D(2.#[#B]1+ALENGTHN)

0 2L =1 « LOEX

MU(LsLlle2) = CMPLXLINTEGPLCIY 9040+ )a0oLHATLHAT WL «2+1) o« (a0)
MU{L912e¢2) = CMPLX{INTEGPL(I2904091o0sLHAT«LHAT L s2+1) «» 0.0}
MULLel3e2) = CMPLX{INTEGPL (3904001 0ol HAToLHAT L 4241) + 0.0)
MUCL 21542 = CMPLX(INTEGRL{ISs0.0alaNelHATLHAT L o2el) » D.0)
MUCLe1642) = CMPLX(INTEGRL(IG«N 0ol 0eLHAT»LHAT L 22+3) « 0.0
MUCL»17¢2) = CMPLXIINTEGRPL(I790e00)eDoLHAT«LHAT L 42+3) » 0.0)
MU(Ls1B¢2) = CMPLX(INTEGPL(IB+0e0+]1o0«LHATSLHAT L4241} +» 0.0)
MU(L+204+2) = CMPLX({INTEGRPL(I1090+40s1e0oLHATLLHATL,2+3) &« 0.0}
CALCULATION OF INTEGRALS IS AND I6 « AND THEN SUM

NRAT = NHAR + ]

MU(291le2) = CEXP{BluTRLENGTH)

MUEI23+2) = CEXP(B24I%LEMGTH)

MUCLeLlo2)=CHMPLX (120404 )/PSIZ2/FNORM(LHAT 4 MHAT o NHAT yRLMDALLENGTH ) #2p

MU(Z2+2+2) = RETAI#(]1,+C)nu2

MU(1sd4e2) AETANF{MII {24142} +CHMU(34342) ) 582

MU(R9342) BETAI# ((RT1+CuR2)##2% (AMACH#AMACH=]1,) 2., #OMEGASAMACH® (]
So+CHIH(BLeCHBP)+OMEGAROMEGAR (1, +CIH® (], +(C))

MUL29492)= BETANR{{RI®MU(2s192)+823CHMU(3+342) ) PR2(AMACHPAMACH-1,
F)+2,FOMEGARAMACHR (MU(29] «2) +CHMU (3943421 #(BLH¥MU(2+142)+R2¥CHMU (33
F+2))+OMEGASOMEGA® (MUIT24+) 42) *CHMU (30 3+2) ) 202)

MU{I91e2) = BESSEL(MHAT+1+LHAT) #2272 # QETAC

DO 3 NX = 1 + NDEX

N = NX = 3 ' ’ .

MUCL192+2) = (1~GAMMAD} /4, # (AMACH®AMACH#AMACH®D? (NX} +2 . #OMEGA#AMA
FCHHAMACH® (DS {NX) +D4 (NX} /2, ) 3, POMEGAROMEGA®AMACH®D] (NX) +OMEGA##3
§ #DIINX)) ~ (AMACH#D2 (NX)+OMEGA®DS(NX)} /2,

MUCL1923+2) = (AMACH#DI (NY) + OMEGA ® DI(NX)) /2.

Wt
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GIFRSTL X2 &« N ) = GIFRSY( X1 + N )

CMPLYE ( { =1, ) #% N » 0.0 )
MU{195+2) MUJ{Z2e2e2) *MU{ 104200 (34442)
MI{PeS9e2) (29T e2) *MU2 04420 U (Febs 9 2)
B0 1 L = 1 « LDEX
ISTAINXeL o B)=A1 (1) #MII(1 01 2) /FNORM(L O sN¢BESPRIM{T LY JLENGTH) # ¢
SMUIL» 1222 #T2MU(] e2+2) +THEMU() o 30 2) FIRLMDAS (PLMDAXMUIL « 15 2)
FaP  BMHATAMUCL s L 362) ) ¢CMPI X (MHATHMHATR2, 40,01 %MU(Le11+2))
S+GAMMA/B 0 (MU (19523 (RLMDAS {RLMDASMUIIL ¢15+42) =2, #MHATH#MU(L + 13+ 7))
S+CMPLX (MHATH#MHAT #2490 0)#MU(Le11+2)) +MU{L+12+2) #MU(2¢542)
ZaMU(391+2)BESSEL(LaL)#M{1{3+2+2}))

3 ISIAINXsLe2)=A14{72) # MU(Jele2) 7/ FNOPMILs2sN+BESPRIM(Ie«L) sLENGTH)
SR (MU(LeET«2)2I8MU(1:722) sTAMIJ(Y 342 #HRLMNAR(RLMDAIMUIL ¢ 294+ 2)
TP H#MHATHMU(L41R+2)) +GAMMA/R 8 (MU(1+S2) #RLMDAS {RI MOAw
EMULL 1209 2) =P JHMHAT#MII (L4 1R2)) sMUIL21742)8MU{2:542)
F+MU{3e1+2)FRESSEL {I4L)YBMI(I4222)))

RETURN
END

MU{302e2)
MU(Tras?)

{3 [ 1
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COMPLEX FUNCTION GAMM (L s M 4 N

REAL LENGTH

COMPLEX F OF X - 1

COMPLEX BETAles BETA?s BFTANs BETACs RETALs BETAWTe OMEGAs Cs AKlo
1 AK?s PSIDs M) o AMP o )12

COMMON 7/ BLXKA 7 BETAle AETAZs AMACH. GAMMA., OMEGA. LENGTHe Co AK]
1l AX2+ BETAN, RLMDA, BETATs BETACs RETAWI» LHAT s MHATe NHAT.
IPSE2e X1+ X?

COMMON / BLKR / MU { 3 o« 30 v 2 ) « AMP (. 2 ) o« 1 « MATRIX
COMMON ./ BLOCK /7 Cl2(30+30)+ISETSLDEXNNFEXsFRPROR] «ERRORZ

GAMM = AMACH®AMACHEN®N®], 1415926535R979#3,14]1592A535AQ79#3,1415926
$53SR979/LFNGTH/FNORM (L oM N,BESPRIM (M+]4L) sLFNGTH) ##2#RESSEL (Me1 L)

Sz
IF (M} 2 41 » 2
1 RETURN

2 GAMM = GAMM#A (] ,~MEM/BESPRIM(M+]l,L)0n2)/2, & RETURN
ENTRY DELTA
GAMY = ~GAMMALT#2 #OMEGA#], 141592653580 T9RBESSEL (Mel L) #&2/FNORM{L
SoMeNICESPRIM(Me14L) yLENGTH) #72 .
IF ¢t N ) & s 3 4 &

3F OF X = CMPLY ( X2 - X1 + 0.0} % GO TC S
4 F OF X CMPLX(0eS5e0+0) #(X2=X1+LENGTH/2./N/3.,1415926535RF79# (STN(N

$#2.%34141592653G5A37G2X2/1 ENGTH)I=SIN(2.¥N%¥3,1415926535R979* X1 /LENGT
$H) ) ~AMACH/T/2,/0MEGA®{SIN(N®3,14]1592A535RGT79#X2/LENGTH) #R2-STN (N#3
F+1415926535RG7IRXL/LFENGTH) #E2))
SIF (M) 7 «h o7
6 GAMM = GAMM® (BETAT+BETAN® (=],)#2N+BETACH#2,4F OF x) % RETURN
7 GAMM = GAMMY { (BETAI+RETAN®(=]1,)REN) S {] J-MEM/RESPRIM (M+] LI ##2)/2,+
$AETACHF OF X) % RETURN )
END



C=36

SUBROUTINE INIT { A 4 B ¢« C o L » N}
DIMENSION A(l) + B(1) o (1)
INDFX = L#N#*D

N0 1 I =1 « INDEX

R4I) = 1777 000 0900 0000 00098
INOEX = INDEX # 2

Do 2 I = 1 « INDEX

C(I} = 1777 on00 ON0O 0000 0000B
INDEX = NaNep

DO 3 1 =1 « INDEX

A(I) = 0.0

RETURN

END
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SUBROUTINE NONLINE ( LOCATE 1}

REAL LENGTH . g :

COMPLEX GAMM , DFELTA, MUSND, MUCROSS (3+3042)« FNNORM, COR

COMPLEX BETAle BETAP. HBETANs BETACs BETATI. RETAWT OMEFGAs Cs AX1s
1 AK?2s PSI2s AMUs BETATISs Cl2s Ie ETA

COMYON /7 BLKA /7 BRETAls RFTAZ» AMACH. GAMMA. DMEGA. ALENGTHs Cs 4Kl
1+ AKEQ BETANQ PLMDA, BETAI. BETACs RETAWI . LHATs MHAT. NHAT.,
IPSIP XY e X?

COMMON / BLKS / 8MU( 3¢30,2) +BETAIS( 2) 9 T+MATRIX

COM4ON / RLKC 7/ LENGTH « MUSND(30s3¢2) « A)}(2)

COMMON / BLOCK / C12(30+30) +ISETSLDEX+NDEXsERROR] ERROR?
EQUIVALENCE (C12(1+1)+MUCRDSS{14141))

CALCULATE NECFSSARY CONSTANTS
IF ¢ LOCAYTE -FQ, 1OHCROSS PROD ) CALL x PROD

DO 1 NX = 1 o NDEX

1

600

601
602

N = NX « 1

D0 1 L = 1 + LDEX

COR = 4 *OMEGA*OMEGA~ETA (L 9O aNX+LENGTHARESPRIM(]1,L))

MUSND (NXsL ot} =(MUSNDINX,Lyl) + MUCROSS LLsNXa1)}/ ( COR + GAMM{L,.0
EaN) ¢ DELTA(LDeN} ) / FMOPM(L oD sNeRESPRIM{Y +L) +LENGTH)

COR = A4, 20MEGAROMEGA-FETA(L ¢+ 2e NX+LENGTH+RESPRIM(I4L}1}

MUSND(NX L +2) ={MUSND(NXsLs2) + MUCROSS(LNXe2})/ { COR + GAMM(L 7
SN} ¢ DELTA(LsP«N} ) / FNORM(LoZyNQRESPRIM(3-L}OLFNGTHJ .

IF (MATRIXLNE ,IHYES) GO T 4

WRITE{6+6N~) LOFEX

DO 2 NX = 1 « NDEX

N = NX = |

WRITE(6+601) N o (MUSNDINXsL«I)sL=1+LDEX)

WRITE(6+.602) LDEX

DO 3 NX = 1 4 NDEX

N = NX - 1

WRITEL{64601) N 5 (MUSND(NXsL+2}4L=1,LDEX)

RETURN '

FORMAT (#0 N#12X *L EQUAL 1 TO #12.6X" M EQUAL 0 #)
FORMAT (# #]3% #10G1.6) ' :

FORMAT (#0 N#]2X L OEQUAL 1 TO #T2.6X% M EQUAL 2 #)

END
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SUBROUTINFE X PROD

REAL Ilv[?vIBQ14015916917113!199IlOoINTEGRLoLENGTH

COMPLEX MUrR0SS{3+30¢2)

COMPLEX MUSND s ZCROSS! . ZCRDOSS2 o+ PS]

COMPLEX Bl R?s Je BFTANs BETACS HET&I! RETAWIs OMEGAs Cy A¥],

1 AK2s PSIPs MU 4 AMP o C124FNORM
COMMON / ALKA / R1 *+ RZ + AMACH. GAMMA, OMEGA« ALENGTH, 0y AK]

1+ A2+ BETAN. RLMDA, BETAYs BETAC. BETAW] . LHATS MHATS NHAT,
LPSTIP+X1eX2

COMMON 7/ RLKR / MU(3+30+2) & AMP{ 2) «1 & MATRIX

COMMUN / RLKC 7 LENGTH + MUSND(304+3¢2) « AY(2)

COMMON /7 aLnck / Cl?(?DcWO)1ISET!LUEXQNDEXQEQROQ1oEQQORZ
EQUIVALENCE (CI2(1¢1) o MUCROSS(1s141) )

EXTERNAL I10124134T44I5,76:17518+19.110

THESE ARE THE CONSTANTS TO BE USED IN THIS PART OF THE PROGRAM

WRITE(6.,600)
MU([oloZ!:CMpLX(loO-D.O)/PSIlO)/FNOQM(LHAT;MHAT-NHAT.QLMDA;LENGTH)

MU(PsLeP) CMPLX((]1.0-GAMMA) /4.0 » 0.0 )
MU{Vs]e2) I # DMEGA

MUi{l192+2) = AMACH#AMACH#R] #8142, #OMEGA®AMACH#B] +OMEGA®OMEGA
MU(Z2e242) = (AMACH“A"ACH*RE“BZ*E.*OMEGA'AMACH“B?+OMEGA*OMEGA)”C
MU{+4+2) = CMPLX({ 314159265358979 / LENGTH < 0.0 )

MU(R+2+¢2) = AMACH#MU{3:4,47) ;

MUCT91542) = MU(TF4242) & MU({F42+2)

MUITL*»3e2) = (AMACHRRBI+OMFEGA)#]
MU{P+3+2) = (AMACHPRP+OMFGA)BI®C
MU{Y19392) = OMEGABOMFGA

MUT{1+94+¢2) = (2.FOMEGA+AMACH®B] ) #]
MiilZ2442) = (2.20MEGA+AMACH®R2) #]#(
MUI19542) = MU(Lle4e?)1281/T
MULP9542) = MU{Z2y492)RE2 2

MUTTeSe2) = RLISMU(3472421)

MU(1+692) = CHAZEMU(T247)

MU(2+15.2) = CMPLX (240+0.0)#MU{341+2)
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MU(24€42) = CMPLX(GAMMA/L,04+0.0)

MU(Y969¢2) = BETAT®(CMPLX(1a0+¢04)+C)

MU(29He2) = CFXP(IRRISLENGTH)

MU{9842) = CEXP{I®#Q2&LENGTH) #C

MU(1e792) = BETAN®(MU(2:9:2)+MU(3+83.2))

MUC297+2) = OMEGARBETAI# (AMACH® (B +C#B2) +OMEGAR (CMPLX (140+0.00+C) )

MU(3+742) OMEGAZBFETAN® (AMACH® (B1%M1)(24R42) +B82#MU( 3«32} ) +OMEGAR{
TMU(2+842) +M11{398B02)))

MUCL9842) = RETACHBESSEL (MHAT+1,LHAT)
MU{2+8+2) I#MU{354602) # {CMPLX (]« ~AMACH®#AMACH0,0) #B]1=0OMEGA#AMACH)

MUCUsB42)=TH#MII(35442) # {CMPLX (1 o ~AMACHRAMACH, 0. 0) #R2~-NMEGA®AMACH ) #(C

MU(1e992) = =OMEGA#(AMACH®R]1+0OMEGA)
MU(29942) = -OMEGA® (AMACH#R2+0MEGA) ®#C
DO I NX = 1 « NDEX

NBAR = NX = 1

DO 3 LBAR = 1 ¢ LDEX

DO 1 L =1 4 LDEX

MUCL22) 4 2)=CMPLX{INTEGRL (11906001 e0sLHAT AL «LBARL241)40.0)
MUCL22¢2)=CMPLY{INTEGRL (Y2905 091eDeLHAT L +LBARIZs]1) 0.0}
MUCL92342)=CMPLA{INTEGRL (1390035140 +LHAT+L+LBARs2+1)40.0)
MUCLe2442)=CHMPLA(INTEGRL (T4 90c00) 40+l HAT L LBARS2+1)a0.0)
MULL925+2)=CMPLE LINTEGRL (15¢0c0e1a0«LHAT oL «LBARWZ«1)+0.0)
MU{L 9269 2) =CMPLY {INTEGRL (J6¢0e091e04sLHAT«L4LBAR+243)40.0)
MUGL#27e2)=CMPLX{INTEGRL(T1T790+051e0«LHATLLWLBAR2+3),40.0)
MUCL 228+ 2)=CHMPLYX{INTEGRL (1800091 e0¢LHATLsLBAR2+3) 40,010
MUCL 229« 2)=CMPLEX{INTEGRL (19402031 e0+LHAT L +LBAR+2+3)20,0)
MUCL*3042)=CMOLX{INTEFGRL (T10+00s)a0sLHATsL+LBARY2+3)+0.0)
MU(2914e2) = CMPLX ( 000 » 0.0 )

MUCYeléa2) = CMPLX { 0.0 ¢ 0.0 )

00 2 NY = 1 » NDEX

N = NY - 1 _

MU{3+942) = MU{3:2:2) #CMOL X {FLOAT(N) «0.0)

MUC1+104+42) MU{JeQ,2)#¥MIT{34F42)

MU(Pel0s2} MU{ oo PYSCUPLX(FLOAT(N)  0a0)

MU(I21002) CMPLX{{=lo)#®NsN.0}

MU(Pelbs2) MU(2015:2) M1 {34942}
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MU{3s15.2) = RLISMU(149,21#]

Mi{(1916e2) = CHBP#MU(3+9.2]41

MU{39s1142) = ZCROSSI(I®*B1+NeNBARMU(344¢2) +LENGTH) =
% ZCROSSI(I#RY yNeNTARSMU(I44+2) 4 0. 0)
MUCLel2e¢2) = ZCROSSL1{(I#A2 4 NsNBARSMUIIe492) «LENGTH) =
b - ZCROSSL(I®B2sNeNIARsMU(344e2) ¢ 040)
MUIPa12¢2) = ZCROSSZ2(I®RI yNeNIAR MU I9492) +LENGTH) =
% ZCROSSP2 (IR ¢ NeNBARJMU{3+4+2) s0.0)
MU(F212¢2) = ZCROSSP2(I#ADNyNBARGMU(3464+2) oLENGTH) =
% ZCROSSP(I1#KHP e N NBARSMU{394¢2) 5000
MUELe1342) = ZCROSSTI(I#RY NJNAARSMU(34442) 4 X2) =

% ZCROSS1(I#8) +NoeNTARSMU(I4442) o X1)
MULP9¢1342) = ZCROSSI{I#AP 4 NINSARIMII(34412)X2)~

b} ZCROSSYI{IB2N4NIARMU(Z4422)4X%X1)
MUU(I413+2) = ZCROSSP2(IHAT 4Ny NBAR MU {4442} 4 X2)~

b ZCROSS2(I#R1 +NeNBARMU(I4442)sX])
MU{191442) = ZCROSSZ({IFRIyNJNIARIMU(I4442) o X2) -

% ZCROSS2(I#A2 4NyNBARJMU(30Gs2)eXx1)

po 2 L =1 LOEX )

CMPLX (RFSPRYIM{MHAT+14+L)20e0)

MU(?s11.2) MU(1e1142)#CMPLX{(RLMDALO,.0)

MUL2+1442) MUCP21442) +MULsNY2 12 #(MUZ91+2)#MU(L22.2)%
S{MU(l+242) % IMUG 31 +2)2M)(341)92)=MU(340,2}8MJ (2412472}
FHHUI222423 0 (MU (30121 0M(141202)~MU(349+2)8MU(3412+2))
oMUl 39222 L (MU(TsIa2) +MIIIL 41020 3RMII(3,5]1142) #MU(201A02)

EHMU(2v 12023 oMU(29342)F (MU 2342)+MU(1+102))#MU]16]122)+

SMUIZ2e169P MU 12420 )Y+ {IRLMDA#MU (1 411 e2) *MU(L 2542) «MHATH
FAMUCLed]1e2) BMULL 32342} +PLMDAY MULL 924 42) ) +CMPLX (2 #MHAT#MHAT0,0)
SEMU(L+21+7))

S (M)CLeaa 2} RBMULS+ 1142+ MI{204+2T8MU(1412¢2)~MU{349:2)7(MU(24]12.2)
F+CHHMU(3e1292)) ) MUC2910+2)8#MUILsZ272e2) %
FIMU(Le5¢2)2MU(20122) +MU(2:5+2) MU 12+2)=MU{I415:2)FMU(Ia112)~
SMU(1916¢2)2MU(L21292))) 72,

FeMUII2 62107 /RL MODARMU{L 1102 FMUTL 92521 =MHATH (MU(14]1121 %

S MUTL 92342) +RLMDA®MU(L 92402} ) +CMPLX (P2 PMHATHMHAT 4 N0 #MUIL 2142} )

FHIMUCIE22) +MU(I+1042)FMII(1072) ) +MU(L22,2)%

MU{ls1]1:2)

Wnwie
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FIMUL2+T+2)+MU(I2 10923 3MII(3e792)) = MU(1+A2)RRESSEL (MHAT #1 0} .
SRESSEL (1 oLBARY#(MU{24Ra2)Y8MUI3213+2) +MUL3,Be2)¥MUI(]1+1442)
TEMUL 2942 MUBIL14 1302 eMUIP3942)¥MUI201342))))

MU(A01442) = MUCTsdbGe?) sMULLaNY 1) IMU(24]1«2)8MJIL 42721 %
F(MU(LeZ2e2)* (MU ol o 2) MU T 911421 -MUI3s042)8MU{2412+2))
FeMU(292+21 8 (MUJTTa192Y#M (10120 2)=MU(34942)2MU(I41202))

SoMUCL 3021 (MU(39342)+MI{1910e2)12MU{341]12)¢MU{291642)
ESEMUL2el2e2) 1 +MI(2¢3023 7 ((MUC3e392)+MUIT+10421)8MJ{1a]122) ¢

FMU(P 16421 8M (3412621 ) )+ ( (RLMOA#MU{TI 11+2) #MU{L 3042} =MHATH
BAMUCL+1]+2#MII(Lo28,2) +RILMDAR MU(L+29,2)))

SE(MII(Latao?2) FMU(TaE142) +MIUI(2 04421 ¥MU(141242)=MU(3492) R (MUH{2e12+2)
S4CHMULTL1P»2) )} ) + MU{2910:2)8MULs2Te2) %

SIMUCL S a2 8MUIL2 41292 +MU(245+20 MU 4122 =MU (T4 1542) #MU(3e 112} =
EMUH{ 12162 3MULs12:2)) ) /2,

GeMU(2a6+2) 2 ( (RLMDARMUI (1411 92) FMUILeI042) =MHAT®#{MU(]1411+2}*%

$ MU(L+2R+2)+RLMDAMMUIL 42T42)))
SHMI{I6e2) M (T410423 MY e Te2) )+ MULILs2Te2) #
FIMU(2aT+2)+M(3410e2)MU (0 T42)) - MU(1+R+2)#RFESSEL (MHAT+]1.L) #
SHESSEL {39yLBARY S {MUI2sR4 21 #MU( 013421 +MU(34Be2)¥MU{]101402)
SeMU{LvD92)8MU(L191392)+MU(P 99421 8MU{241342))1))

MUT142142) = AL(1}/FNORM(LBARsO+NPARLBESFRIM(1+LRAR) JLENGTH)

MU(392242)=A1(2)/FNORM (LRAR 24 NBARJBESPRIM(3.LBAR) L ENGTH)

MUCRUOSS (LBARWNXe1) = MUI19142)FMU(3+2)1+21#MU(2+]144+2)

MUCROSS(LRARWNX92) = MUIT14142)8MU(3+22+2)8MU(3014.42)

RE TURN - ' -

FORMAT (& #Sn(]H+)/# WITH THE CROSS. PRODUCY TERMS#/# #50(1H4))

END
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COMPLEX FUNCTION ZCROSS] {A+MyNePI,x)
DIMENSION PYI (2}

COMPLEX A+ 7R« 7Dy ZF
ﬁﬂﬂﬁ*““ﬂﬂﬂ“##ﬂ“**ﬂ“#ﬁﬂ##*“ﬁ**ﬂ#ﬁﬂ”*ﬁ*#“ﬂ**ﬂ*ﬁ*#ﬂﬂ**ﬂﬁ#ﬂﬂﬁﬁﬂ##”#ﬁﬂ*%ﬂﬂ#

##8 NOTE ¢ [N THIS FUNCTION SURPROGRAM PI IS DEFINED AS PI{ 3elt E7TC )

#aa DIVIOED BY. LENGTH

L AR AR R R L L L L L Ty g A S
ZA (PeX) = SIN(P=EX)/P/2,
ZB (AsPeX) = (ABSIN(P#X)-P#COS(PH#X))/(ATALPHP)

ZC (PsX) = {X+SIN{(P®X)}/P) /2.
ID (AsX) = (ARX=],)}/A/A
ZE (PsX) = =COS(P®X)/P/2,

ZF (AsPoX) = (ABPCOS(PHX) +PHSIN(Po*X)} s (ABA+PHD)
ZG (PeX) = SIN{(Pax)aal;/P/2,
IF (M EQe N ) GO TO 1

PA = {(M=N) # pJY PR = (MeN} ®* PT
ZCRNSS] = CEXP(AFX) #(ZA(PAsX)+ZA (PR X)=A/2.#{ZB(A¢PAX) /PA+ZR (A ,PR
$+X)/P3)) $ RETURN

1 IF ( CABS(A)_.LTI loF-IOO ) GO T0 3
IF { N JEQe 0 Y GO TO 2
PA = 2.2N#P]
ZCRN55] = CEXP(A*I)/?.“(CMPLX(I-U-0.0)/A+ZF(AoPA‘X)) % RETURN

2 ZCROS5]1 = CEXP(A#X) /A $ RETURN
3 IF (N sNEa 0 ) GO TO &

ZCROSS] = CMPLX{ X » 00 ) $ RETURN
& PA = 20*N§pl

ZCROSSY = CMPLX(ZC(PA&sX) 40,.0) $ RETURN
ENTRY ZCROSS? .
IF (M EQ. 90 ) GO TO 7
IF (M ,EQe N} GO TO S

PaA = {(M=N) # p] $ PR = (MasN) # pl

ZCRANSS] = CEXP(A‘X)*(ZE(pﬂ’X)*ZE(PB.K)*A/Z.*(ZF(AODAQX)/PA’ZA{pRoK
%) /P8)) % RETURN
S IF ¢ CAaS¢tA) LT, 1eF=16n0 ) GO TO &

PA = 2.,8N#PT

ZCR0OSS] = CEXP(A”K)“ZB(AQDQQX)/CMPLX(2.00000’ % RFETURHN
6 ZCROSSI = ZGIN®PI LX) % RETURN
7 ZCROSS]1 = CMPLX ( 0.0 » 040 ) $ RETURN

END
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COMPLEX FUMCTION INTEGRL (NHATsN4A4PIORL+ X+ TYPE)

INTEGER TYPE

COMPLEX A

P = NHAT # PIQRL % Q= N # PTORL

GO TO (1+5)s TYPE 7
1 IF(NHATLEN.N.AND«N.ENLD) GO TO 2

IF (NHATAEQeNoANDeNoEQ. 0. NR.NHATLEQ.0) GO TO 3

IF(NHAT.EQcNLANDsNeNFo0) GO TO &

INTEGRL = CFXP(A*K)*(CMPIX(SIM((P-OI*X}-(P-O}+SIN((°+0)4AJI(P+Q).0
B 0)=AF ({A4SIN({(P=Q)#X)=(P=Q)#COS(P=Q)BX) )/ (AMA+ (P= ~QA#(P=Q) )+ (A¥SIN(
StPfOJ*X)-(P4OI*COS(tDoQ)*x))/(A«A+(D+Qlﬁrpon)>)1/CMDLX(2 De0a0)

RETURN

2 INTFGRL = CEXP(A®X) /A % RETURN

3 INTEGRL = CFXP(A#X)/ (AHALPH#P}# (ARCOS(PHX) +PESIN(P#X) ) § RETURN

4 INTEGRL = CEKP{A*X)/(A*A+4.*P*P)*(tA*COS(P*X)+2.*P*GIN(P*X))*COG(P
S*X)+2.*P*P/A) $ RETURN

S IF ( N ENe 0 ) GO TO &

IF (NHAT ,EQeN,ANDJNHATEQ,0) GO TO 7

IFINHAT ,EQ«NLANDNJNFL,0) (O TO &

INTEGRL = ~CEXP(A®X)/CMPLX{2.0+0.0)%(COS((Q=P)*#X)/(Q=-P)+COS((Q+P)*
SX}/{Q*P)-A*((A”COS((O-P)*X)*tQ-P)*SIN((O-P)*K)/(A*A+IO-P)*CQ-P))+A
SRCOS{LQsPI*X) + (Q+PIHSIN((Q+P)I#X) )}/ (A#A+ (Q+P) # (Q+P) ) ) ) & RETURN

6 INTEGRL = CMPLX(0.0,0.0) $ RETURN
7T INTEGRL = CEXP(A#X)®(A®SIN{G#X)=Q#COS(Q#X)) /(A%A+Q®Q)S RETURN
8 INTEGRL = CEXP(A#X)/CMPLX (24040.0) 2 (A¥SIN(2,#P#X)~CMPLX(24%P,8,0) %

BCOS(2eRPRX) )/ (ARA+CMPLX (4 #PHP40.0)) $ RETURN
END
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SUBROUTINFE EIGEN
INTEGER REDEFIN

REAL LOWLIM,
REAL Il 12
E115

COMPLEX A4 El.

LENGTH. THETA(3)s INTEGRL
13y T4y ISe 169 I7s I8s 19y 110+ T11s 112 T13« 114,

2y E3y E4s BLICONy A2CON. B3« ZINTGRL.

Z{?4)+ CrONa

EFNQOPMs PSTe wWMAls WMAZ2, CMODs BIMOD. RZ2HMODe WAIM. WAZM. WMBICON,
$WMB2CCNe PSISTRs PSTCONs BETAIZ2s OMFEGAZ2« OMEGAC, RETATCs ANCs R (18
$)2ZINT(4)Ys REVAL(S), ZNTFGRLe SLOPE, RETASTR

COMPLEX A

1 aK?y PSI2s MU+«

RETATSe 12s Is MUSND

» A2 « HETANs BETAC, BETAI+ BETAWT« OMEGA« Cs AK]

COMMON / BLKA / N} s R? + AMACH. GAMMA, OMEGA« ALENGTH. Cs AK}

j+» AK2e BETAN,
IPSI2eX1eX?

COMMON / BLKR / MU(3530+2) o BETAIS(Z2) I « MATRIX

RLMOA+ BETAIy BEYACs RETAWI LHATs MHAT< NHAT.

COMMON / BLKC 7 LENGTH o+ MUSND(390+3+2) s AY(2}

COMMON /7 BLOCK 7 Cl2(30470) s ISET+LDEXNDEX+ERROR] +ERROR?

COMMON / ROOT / RETATIZ QETASTR_! SLOPE

EQUIVALENCE {(RI1)aMU{(L10142)) o (ZE1)aMU{1aTe2)) +« (ZINT{(1)eMU{1a15
$+21) » (REVAL(1) «MU(2+16:2))

FXTERNAL Tls I24 I3s I4s ISe I6e I7s I8y I9. 110, I11s 112+ @13
$Fll4ae 119

EXTFRNAL Rls R?2y R3y, R44e RS+ RHs RT7+ RBy RO

ODATA Pl / 3.14159265358%979 /

ZINTGRL (A«PUPLIMGLOWLIMY = (CEXP{A#UPLIM) # {ASCOS(PRUPLIM) +P#GTIN(
SPH#UPLIM) }=CEXP (A*LOWL IM) 2 (A¥COS(P2LOWLIM) +PESTIN(P*LOWLIM}) )/ (A®A+P

SRpP)

SRS A RS EERESS RSO P AR SRR RN RSB HR RN B A OB RS R BB E ARG DIL SRR E

P LI T T T T e
sopanoansassnosds  NOTE, IN THIS ROUTINE THE INTERACTION ###ssssusspss
sasaRsnesdRapases INDEX (N) HAS BEEN RFPLACED RY THE BappHABGBBBSY
sospnsdaitonbaass ALPHA CHARACTER Bs S0 AS NOT TO AF SapRRtoLtEtag
sonpesnodasesenes  CONFUSED WITH THE MATRIX INDEX (N). BupREREBLBBGD
PRASHBINIRIDRRBE T YT PRy e

BHABSDE B IR RO R BB ENTRGRBLLRRF IR US SRR IR NP RR B RGER GRS SSRGS R RO GG

BICNN = CONJGIBI])
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BIMOD = CABS(B})##2
B2CON = CONJG (32)
B2MND = CARS(R2)#82
B3 = Bl + 82

CCON = CONJG ( C )

CMON = CARS ( C ) ®ep
CONST = NHAT % P[ / LENGTH

El = I#(2,%A1-81CON)
£E7 = 12(2.7R2-82CO0N)
£3 = I#q}
£4 = [#R2

OMEGAZ = CMPLX{0-990a0)
PIORL = PTI / LENGTH
PSISTR PSTI2 # FNORM({LHAT MHAT, NH&T.RLMDA.LENGTH)**?
CONJGICSART(PSISTR) )
WaIM = OMEGA = AMACH * RICON
= OMEGA < AMACH ®# RB2CON

WMB1 = OMEGA ¢ AMACH % 8]

? = OMEGA <+ AMACH # H?
WMBICON = OMEGA ¢ AMACH % BICON
WMB2COMN = OMEGA ¢ AMACH # RA2CON

1 U

k)
w1
—t
'y
Q
=z
b

WRITE(H.402)
L A AR e Tl L Y Y 2T 2R Y P R R 2 e S R R A R g gy
ShhapsdnRERsbotns B0 R R
ruaaepasRasetator  THESE ARE THE PHI(]) #% 3 PRODUCTS Sousspsbossnats
RRBRBAL AR BN LRI DEDNBREFR R R

S e I LI Y YT LY T T T Y TR L) T rgrgr e
ae
ea2 THESE ARE THE THETA-TNTEARRALS

% #
THETA(L) = A,75 * PI
THETA(2) = PY / 4o
THETAI(3) = PI

L2282

ane THESE ARE THF R-INTERRALS

ass
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Z11)Y = CMPLX{INTEGRL(RLeN,09]1+0sLHATs141+2+2)+0,.0)
Z12) = CMPLX{INTEGRL(RZ2s0s091eCoeLHATs191+292¥30,.0)
Z{3) = CMPLX(INTEGRL(R3sNe001s0+LHAT414152+s2)40.0)
Z2(4) = CMPLX(INTEGRL (R4 eNa0al40sLHAT1s1+22)+0.0)
2(5) = CMPLX(INTFGRL{RS+0.,0s1e0«LHATAa1314292)4+0.0)
Z2(6) = CMPLX(INTEGRL(R6+N,0¢91e0sLHAT e ole2+2)00,1)
ZIT) = CMPLX(INTEGRL{RT+0e0slaolLHATa1s142¢2)}490,0)
Z(B)Y = CMPLX(IMTEGRL{(RB+Ne0vle0sLHAT314242¢2):0.9)
R(1} = RLMDASRLMOARZ (1) =2, *MHATSRLMDARZ (2) + MHAT#MHAT %7 (3)
‘R(2) = 2(7%)

R{3y = Z14a)

R(&)Y = RLMDAHRLMDA® (—~RLMNA#RLMOA#Z (1) +2#MHATH#RLMDARZ (2) ~MHATRUHAT
§47 () ~RLMDA®7 (S) +MHAT® (3, sMHAT) #7(6) ) ~MHATH*MHAT®# (3, + 2 #MHAT) #Z (7) #

SRLMDA

R(S)1 = RLMDA#RLMDA#Z () =2 #RLMDA*MHATHZ (T) +MHAT#MHATH#7 (R)
R(6) = RLMDA®Z(7)=MHAT#2Z (A)

R(T) = Z(R)
_RIB)Y = CHMPLX IR {1+ +RLMDAFLOAT(LHAT) +FLOAT (MHAT) ) +0.0)

REVAL (1) = CMPLX{RLMDA®RIMDA#R]I(1.0+sRIMDA0a020.0) =2, FMHATHREMDAS
BR2{1+04RLMDA D200 D) ¢MHATHMHATHRI(].0«RLMDAW0e0+040) 0.0}

REVAL(2) = CMPLX(R3I(1«04+RLMDALD¢0+0.0)00.0)
REVAL(3) = CMPLX(R4()1.0+OLMDAS0.0+0.0)40.0)
REVAL{4) = CMPLX(RI(1.0«RLMDAY0.0+0.0140,0)

C abn : *

¢ =#8 THESE ARE THE Z-INTERRALS

C unen
ZINT(1) = ZINTGRL{ E1+CONSTSLENGTHsDD)
ZINT(2) = ZINTGRL{ E2+CONST«LENGTHe0,.0)
ZINT(3) = ZINTGRL( €,COMSTLLENGTH.0.0)
ZINT{4) = ZINTORLL{ E4+CONSTLENGTHeN.D)

Z(1y = =(WMBI*WYMBYIE(ZINT(L)+ZINTL(I}#(C+CCONY+CMODEZINT(4) )+
% WMAR2AWMAE (ZINT (1Y« ZINT (L) # (C+CCONY +CMONHZINT(2) )

Z{2)Y = ={WMR]1#WMR)Y* (RIMONBZINT (1} ¢ ZINT (Y& (CHB28D1CONBI#CCONRRRCQO
TN+ CMODBBOMOGHZINT (4 ) +

3 WMHP & WMR2% (RIMONRZINT () +ZINT{4) #HICHB2HRICON+HI¥CCON®R2CN
SN +CHODEBE2ZMONRZINT (2)))
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it

2y ~(WMB Y S WMBLI#(ZINT (LI +2#CHZINT () +CHCHZINT (G ) +
3 CCONSWMRDPHYMR2® (ZINT (3) 22, #CHZINT (&) #CHCHTZINT(2)))
WMBL12WHB3I#{B12HI#Z2INT () 42,481 2R2PCHZINT {(3) +CHB2ACH3287 INT

Ziay =

$4)) + _

% CCONHWHB2HWMERR (R #BY#ZINT (3) +2. #P1#RZ#C#ZINT (4) +CAB2RL#B 2
SZINT(2)) '

Z(5) = ZINT(1)e(2.PC+CCOMIRZINT(3)+CH(Z2.#CCON+C)I#7INT (4) +CH*CMON®Z]
SNT () ‘

Z(6) = BICON®(BI#ZINT{1)<CH#BIRZINT () +CHCURPETINT(4) )+

$ CCON®PRA2CON* (RI#ZINT () +CHBIRTINT (4) +CRCHRRVZINT (2))

Z{(T) = ~(RIMBIFZINT(1)+B12 (2. *CHB2+R1#CCONI#ZINT(3) +B2# (CRCRR2+2,#
EBL#CMODI #ZINT (4) +CHCMOUHR2#B2RZINT (2))

Z(B) = —(R1#R1#B8IMOD4ZINT (1) +(C#B82#R32B1MOD+CCONSB2CON#B]#B14B )@
BZINT(3} + (C*CRAZ2#B2#32#3 1 CON+CMODHB]1#BI#82MOD) #ZINT (4) +CHCHMOD#B2#R2
$#32MODRZINT (2))

2{9) = BIMODSARIMOD®ZINT (1} +(2.#C*BIMOD*BICON*R2+CCONFR12B]1#H2CNANRY
E2CON)2ZINT(3) + (C2CHBR28B2#R1CON#BICON+ 2, *CMOD*B2MOD*B2CON*BL) # 2 NT (
$4) «CMOIDRCMOD#*R2MO0#B2MODPZINT (2)

2(10) = =({OMEGA+AMACH®R]/2.)} #ZINT (3)+C* {OMEGA+AMACH®*B2/7.)#ZINT (4
<))

C wdtw

C =## REDFFINE THE INTEGRATION LIMITS FROM X1 TO X2

C vas

IF( CABS(RETAC) LE.1.E=10.0R.X2~X1.LE.1.E~10) GO TO 2
ASSIGN 2 TO REDEFIN

ZINT{1Y = ZINTORL(E]-CONSTX2+X1)
ZINT(2) = ZINTGRL(EP4sCONST+X2+X1)
ZINT(Y) = ZINTGRL(E3I+CONSTX2+X1)
ZINT 4) = ZINTGRLA{E4CONGToX2+X1)

1 Z(11) = I#(WMBI#WMB]#WMBICONSZINT (1) +WMBI# (2, #C#WMBICONTWMB2 +CCONS
SWMB1#WMB2CON)} #ZINT () + WMAZHCH (2, #WMR] *WMB2CON+CHWMB24WMR}CON) # 7 INT
$ (%) +CRCAWMB2HWMB 2 RWMR2CON®ZINT {2))

Z(12) = =1 (WMBICONFZINT (1} + (2. #CH*+WMPICON+CCON*WMB2CONY #ZINT(3) +C
E(CHWMHICON+2 ,#CCONPWMRZ2CONY #ZINT (4) «CHCMOD®WMBZCONRZINT(2) )

Z(13) = I2(B14RB1*WMRICON®ZINT (1) +{2.#B2*CHWMRAICON+B1#CCON*WMB2CON)
$#7INT(3)#B1+B2% (WMBICON#C#CHB2+WMB2CON#CCON®2, 2RI #CI#ZINT (4} +CWMA



2 Ee Ny OO0 0n

O00

$2CONTCMOD®B32#B29ZINT (2} )

Z(14) = ZINT(3)+CRZINT (&) o

2(22) = BI*7INT(1)¢(C*H3+CCON#RI)BZINT (I} + (CMOD2RI+C2CRRA) #ZINT (4)
$+CHCMODRBR2HZINT (2)

Z(23) = ~T#(R1CONAZINT (1) $ (CMPLX{2.C+0.0)#C#RICON  +CCON®R
$2CON PRZINT (3}« (CHPLX(24090,0)  SCHODPR2CON+CHE %31¢0M)
$#7INT(4)+C  #CMOD¥RPCONSZINT (2))

Z(24) = BI*3IMOD=ZINT (1) + (CMPLX (2,040.0) #CH#RAZPRIMOD+COON*B2CONR] #
$B1)4ZINT (1) + (C*CRB2#B2HBICON+CMPLX (2,040, 0) #CHMONHRZMNDHR ]I #ZINT (4)
$+CER2FCMOD#AMND*ZINT (2)

GO TO REDEFIN

% % i
#82 EVALUATE THE VOLUME INTVEGRALS
+ &
sas TERMS 4 AND §
-X- T
2 BETAI2 = ((GAMMA=1432{2.%(Z(1)®(THETA(LI#R (1) s THETA (2} #MHAT#MHA T#
SR{2))+THETA(1)#RIZIBZ(2)) +Z (I #ITHETA(1) #R(1) +MHATEMHAT#THETA (2) #
SR(2)) +THETA{1)#R(3) %7 (4))
S48
ane TERM 6
Rk
Te  (2.RZ(S5)B(THFTA(1)#R(4) sMHATHMHATHTHETA (2} # (2, %R (5) =R (6) ~MHAT®
SMHATRR(7)1) 47 (A) B (THETA(1)# (3. YHR(1) +3, #MHATH*MHATSTHETA (
$2)8R(2))+2(TIF(THETA(13 50 (1) sMHATAMHATETHETA (2) 2R (2) } ~THETA (1) #R (3
$)18(Z(8)+2(9)))
L- X1
a2 TERM 7
LT3 .
$¢  (Z(S)#{THETALL) =R (4} «MHATAMHATATHETA(2) # (24 #R(5) =R (6) =MHAT #MHA
STOR(7)))+Z{a) #*MHATHMHATHTHETA(2) ®R{2) +Z (6) # {THETA (1) #R (1) +MHAT#MHA
STHTHETA(2) 2R (2) ) s THETA (1) #RE1I#Z(T) «Z(B) #THETA (1) #R(3) ) ) /CMPLX (16,

$eN0aN)/PSISTR/PSICON ]
SLOPE = THEYA(J)®R(/I®Z(10)/CSORTIPSISTR) /1
BETAIZ = ~ SETAI?
[-2-T )
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EVALUATE THE SURFACE INTFGRALS
FIRST DO THE LINER INTEGPALS

IF( CABS(BETAC) JLEs14F=1Ns0ReX2=X14LEL1.F=10) GO TO S

BETAIZ = BETAI2 + GAMMASRETAC/CMPLX{2.0+0.0) M ((-THETA (1) #REVAL®ZL]
S+ (THETA (L) #REVAL (1) +MHATR#MHAT®*THETA (2) #REVAL (2))#Z(12) +TRETA (1) *
SREVAL () #7(13) +
FIGAMMA+]1,.) /CMPLX{BaDe0.0)# (THETA(]1) #*REVAL (3} # (I#OMEGA#DMEGA®OMEGA®
$Z(5) *OMEGA#OMEGA*AMACH® (CMPLX (2404040222 (22)=Z2(23) ) +T1#0MEGARAMACH®
SAMACHZ {CMPLX {20400 B2 (A)=Z(T)) +AMACH¥AMACH#AMACH®7 (24) )} ) /PSISTR
$/PSTCON)

SLOPE = SLOPF + GAMMA®HETAC/CMPLX(2.0+0.0)*(THETA{I}RREVALI4)2Z (4

.BY/CONJG(PSTCONY)Y

EVALUATE THE INJECTOR INTFGRALS

ASSTGN 3 TO REDEFIN

ZINT(L) = ZINT(2) = ZINT{3) = ZINT(6) = CMPLX ( 1.0 » 0.0 )

60 70 1|

BETAI2 = BETALI?2 + GAMMARAETAT/CMPLX (20400} B ({{=~THETA(LIBR(3)®7(1]
S)+{THETA(I)IHR(1) +MHATH#MHATHTHETA (DY HR(2))IHZ(]12)+THETA(1) #R{3)87 (13
$)e
S{GAMMA+ 1,4 ) /CMPLX (RaDeCoe OV (THETA(1)#R () # (I HOMEGAROMEGAROMEGA®7 (5)
PHOMEGARQOMFGARAMACH® (CMPL X (2,030, 0)#7(22)=7(23)) + I*OMEGA®AMACH®AMAC
THY (CMELX (2o Ne0aNIBZ( B} =~7{T7}) tAMACHBAMACH®AMACH®#Z7(24))}))/PSISTR/PS
SICON]D ) X

SLOPE = SLOPE + GAMMARUETAI®CMPLY(2.00.0)%(THETA(3)®R(BI*Z(14)/CO
SNJG(PSICOND)

EVALUATE THF NOZZLE TNTEGRALS

ASSIGN 4 TO REDEFIN

ZINT(D) CEXP(EL#LENGTH)Y #CHMPLX ( (=1} #*NHAT4040)
ZINT(2) CEXP{E2#LENGTH) #CMPLX{ (=1.) #%¥NHAT 404 0)
ZINT (D) CEXP{EITLENGTHY HCMPLX ([=1.)}#*NHAT+2.0)



DO OO0
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ZINT(4) = CEXPLEGRLENGTH) RCUMPLX ((=14)##NHAT+0.0)
GO. 70 1 :

4 BETALZ2 = BETAI? + GAMMASQETAN/CMPLX {2, CeNe D) {(=THETA(L)®R{3I)*7 (11
)+ (THETA(L) PR (1) + MHATEMHATATHRETA(2) #R{2I I B2 [12) + THETA(1)#P () #7 (]33
)

E(GAMMA+] . ) /CMPLX (R0 M #(THETA(]) #R(3) # (T#OMEGAROMEGARNMFGAR 7 (G}
F+OMEGAROMEGARAMACH® (CMPLY (2404040 8#Z(22)=7Z{23)) +I4OMEGA®AMACHYAMAC
EHE (CMPLY (Pe 0«0 RZ( &) =7L{T) )} + AMACHBAMACH#AMACH®7 (24)))) /PSISTR/PS
S 1CAON)

SLOPE = SLOPF + GAMMARBETANSCMPLX (2,000 # (THETA (I #R(AY*Z (16} /CO

SNJG(PSICON))
CY-T-X-X-2-TRL-ER-2-F 2T RN 0L .22 ¥ L E-FE.F R R R R E-F PR R PR R LR R R R R R R L PR B T O WL WL

ey F- T X2 F LK L. ¥ 2.-2-F-2-% 3 LL-R-X 5 F-T X F-F-F-3
sassenpannrssssan  THESE ARE THE PHI(2) o PHI(1) PRODUCTS #seunatsssos

EX R0 E-R 0K 22 X1 -2 8 ] - 2-2 2 % - L XR- 3t
AEBLBEHBRIRRIRJIUHSHFHIN BN HIR ISR BB RS G SRS S BS BB RN R LRSS RBLED S

00 1S L =1 « LOFX

[-X-2- 3 .

w#a THE THETA INTEGRALS REMAIN THE SAME AS THOSE DEFINED AROVE

L-X- %}

san THESE ARE THE R-INTEGRALS

4848
R(9) = CMPLX(RLMNA®* TNTEGRL(I1190e0els0elHATyLHAT L «MHAT+1 41 )=MHAT
S*INIEGRL(Il?-O-Ool-OoLHAT LHATsL+MHAT+]1s1) +0.0)
R{10) = CMPLX(RLMDA%* INTFGRL(I1390.0+s1 40 HATsLHATGLMHAT =1, 1>-MHA
ST INTEGRLU (I 160,08 .0sLHATSLHATSLoMHAT4]1e3) «0,.0)

R{11) = CMPLX({INTEGRL(I1+0a0s1e0sLHAT{ HATSL +MHAT4141)+0.0)
R{12) = CHMPLX{INTEGRL (I16e0e0cla0LHATLHAT L aMHAT*143)s0.0)
R{13) = CMPLX{INTEGRL (T2+0e09)e0+LHATGLHAToL +MHAT+1,41)40.0)
R(la) = CMPLX(INTEGRL(I7+040s1e0sLHATSLHAToL+sMHAT#]1e3)40,.D)
R{15) = CMPLX(BESPRIM{L+ )# {LINTEGRL(T15eMn.0s0e0+sLHATLHAT oL «MHAT+]

Fel)-BESPRIM(ISLIZINTFGRL(I2e0400laQoLHATWLHAT«L+MHAT+1s1}) 0. 0)
R(16) = CMPLX(~BFSPRIM{3,L)F(INTEGRLII2S +0sNs1laDsLHATLHAT L +MHAT
$1Le3)*BESPRIM{Z4LI*INTEGRI {T2:0.0:1 0t HATALHATIL «MHAT+10 33 )¢5, #INT
FEGRLIIA 000l aDoblHATALHATLaMHAT+1 43} +0.0)

R(17) = CMPLX(~RBFSPRTIM (] .L)®INTEGRL(T1Sv0s0el a0l HAT JLHAT+L+MHAT+]
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$41).0.0)

R(18) = CHMPLX( BESPRIM(I.L}FINTEGRL(T15¢000¢1e0 4L HATGLHAT oL «MHAT*
$¢ 3} -2 0*INTEGRL (16900914 0sLHATILHAT oL eMHAT+143)40.0)

REVEL(I, = CHMPLYX(RLMDA® T11¢1+0¢RLMNDAWRLMDABESPRIM{]1.L))=MHATH#]
F(1arsRLMDAWRLMDAWBESPRIM (I L)) +0.0)

REVAL(2) = CMPLX(RLMDA® T13(1.0+RLMDARLMDABESPRIM(I4L) ) =MHATHI1
$(1aNoRLMDAWRLMNALBESPRIM (3,0} ) »0,0)

REVAL({3) = CMPLX(IB()e0+PLMDA+RLMDARBFSPRIM(3sL) Y s0aD)

REVAL{4) = CHPLX(T2(1+40+PLMODAWRLMDAWBESPRIM (Lol ))ettan)
REVAL(S) = CMPLX{(IT{1+0:PLMDAJRLMDAAESPRIM(IsL)) 0.0)
DO 15 NX = 1 « NREX

N = NX - ]

ZINT(1l) = ZNTEGRL(NHAT ¢N4=T#B1CONPTORL 4| ENGTHs1) -

: INTEGRU(NHAT 4N, =T#B1CONPIORLyNes1)

ZINT(2) = ZNTEGRL (NHATsN,=T*B2CONJPIORL v ENGTH,1) -

% INTEGRL {NHAT s N4 ~I#B2CON4PIORLsDus 1)

ZINT{3) = ZNTEGRL(NHATsNe=I#B1CON+sPIORL sLENGTH2) =

5 INTEGRU (NHATsN+=I#*BI1CONPTIORL 0.9 2)

ZINT(4) = ZNTEGRL(NHATeN,=T#R2CON+PTORL+LENGTH+?2) -
b ] ZNTEGRL (NHAT « N4 =T#B2CONsPIORL s 00 2)

THESE ARE THE 7 VOLUME [INTEGRALS

Z(15) = [#{WRIM#ZINT (1) +CON#WBAMAZINT(2) ) ~AMACH#PIORLEN® (ZINT (3)+
SCCON®ZINT (4))

Z(1A) = (HRIM“BICON“ZINT(3)0CCON*82C0N*WB2M*ZINT(4))-AMACH*PIORL
SHNH# (BICON#ZINT (1) +CCONSBACONFZINT (2) ) #]
Z(17) = ~1#0MEGA*= 2.0 # (WMB1CON#WMRICON®#ZINT (1) + CCONRWMRZ

SCONSWMB2CONS#ZINT (2)) + AMACH#PTORL#N# (WMB1COMH#WMBICONSZINT (3) «CCONFY

EMB2CON2WMB2CON®ZINT (4))
Z(1R) = =T#((OMEGA-AMACH#R1)#ZINT (1) + (OMEGA=-AMACH®B2) #ZINT (2) *CCON

$)

THESE ARE THE Z SURFACE TINTEGRALS

IF ( CABS({HETAC) oLE«1+E~10.,0R«X2-X1.LEs1.E~10) GO TO 12
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ASSIGN 12 TO REDFFIN :
ZINT(1) = ZNTEGRL(NHATsN.~I#B1CONsPIORLyX2e1) =

% ZNTEGRL {NHAT«N.=I®RICONLPINRL s X1 1)
ZINT(2) = ZNTEGRL{NHAT ¢N=T*R2CONJPIORL+X2e1) =
3 INTEGRL {NHAT N+~ TI#B2CONsPTORL ¢ X1 1)
ZINTII3) = ZNTEARRLINHAToN4=TPBICONGPIGRL « X2 2) -
% INTEGRL{NHAT oN = I#RICONJPIORL ¢ X1 9 2)
ZINTl4) = ZINTEGRL{NHAT sN+=T2R2CON+PIORL s X2+ 2) -
g INTEGRL (NHAT aN =T #B2CONPTIORL «+ X102}
11 Z{19) = OMEGA#(WMBLICNONFZINT (1) +CCON#WMBR2CONSZINT (2) )+
] . [#N#AMACHRPINRL/ 2, # {WMBI1CON*ZINT (3) +CCON#WMARCOMNHZINT (4)})
Z2i(27) = ZINT(1)+CCON®ZINT(2)
Z(21) = =I#{RICONSZINT{1)Y+CCON®B2CONRZINT (2))
60 TO REDEFIN
4 4
s## EVALUATE THE VOLUME INTEGRALS
. X2
12 BETAI2 = RETAT2={MUSND (NXsLs1)#THETA(3)}# ((R(OY#7{15)~N*PIORL#R(]3)
g22{16}/ 7:0 + (GAMMA=~1.} /4.0 #(R(LAVEZL(LT)+7(]12)
FA(R(1S) ¢R(17)=NEN#PIORL*PIORLE#R(13))}) +MUSND (NX 4L« 2)#(THETA(2)® ((R
{10 RZ(1SY=-N*PIORL*R {14} %7 (16))/ 2.0 + (GAMMA=1,) /4,
s B(R(14I#Z(1IT)+Z(1IBI#H(RIIB)I+RIIAY =G4, ¥R{12)=NaNFPIORL#PIGRL#R (1
ISR RE R THETA(3) /24 #MHATY #R{12Y2Z(15) 1) /RSTICON
L-X-2-]
nae FVYAYLUATE THE SURFACE INTFGRALS
E-X 4
##2 FIRST DO THF LINER INTEGRALS
E-X- 2]
IF ( CAHS(BETAC) .LE.I.E-'l0.0R.XE-XI.LE-I-E-IOI G0 TD 13
BETALZ? = BETAIZ2 + BETACH GAMMA /2,10 /PSTICON® {MUSND (NXeL 1)
$ETHETA () H{REVAL(4)#Z(19)~(REVAL{1)#Z(20)~-N#PIOQ| #REVAL(4}RZ(21))/
% } 2.0 )+ MUSND (NX o Le 2 B(THETA (2) #(REVAL (B RZ (19~ {REVAL(2) %
$Z(2n)-N#+PIORL#REVAL (S)#Z(21))/ 2.0 ) - MHAT*#THETA (3} /
2.0 BOCVA (VBT IP03Y) .
- F-§-J

#idt EVALUATE THE INJECTOR INTEGRALS
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X3

13 ASSIGN 14 TN REDFFIN :

ZINT(1} = ZINT(2) = ZINT(3) = ZINT{&) = CMPLX(1.Ne0,.0)
GO TO 11 | .

14 BETAI2 = BRETAI2 + BETAI® GAMMA /2,0 /PSTCON® (MUSND (NX oL o 1)
SHTHFTA () # (R(1)#Z(19)= (P (9)#Z(20) =N#PTORLHR (13} #7(211)/ 2.9
$ ) +MUSND (NX oL 2 2) # (THETA(2) #{R (14) #Z{19) = (R(10}1#Z(20) ~N#PTORL =G (
$14)8Z(21))) - MHAT#THETA(3) /2,0 *R(12)*7(20)))

L2 2}
awe EVALUATE THE NOZZLE INTEGRALS
a5 4 3% :
ASSIGN 15 T0 REDEFIN
ZINT(1) = CExp(=1#B1CON)« (=1.) 28 (NHAT +N)
ZINT(2) = CFXP(-I#B2CON)* (=1a}®e (NHAT+N)
ZINT() = CEXP{~-1%*B]CON)*# ((=1e) BaNHATS (Jo=l=1,) #5N))
ZINT(&4) = CEXP(-T#B2CON)# ((=12) #ENHAT# (1o=(~1a) #%N))
.60 TO 11

15 BETAI2 = RETAL2 + BETAN® GAMMA /2,0 /PSICON® (MUSND (NX el +1)
SHTHETA(I)#(R(13)#Z(19)~(R(I)#Z{20) =N#PIORL#R(13)#7(21)}/ 2.0
$ ) *MUSND (NXoL+2) # {THETA(2) # (R(14)#Z {19} =(R(10)} #Z(2n) ~N#PIORL #R (
$14)12Z(21))) - MHAT#THETA (3} /2.0 #R(12)%7(20)))

BETASTR = BETAT2%EPSTIZN(LHAT+MHAT ¢NHATHLENGTHRLMDA) #PST (0} /FNORM(
SLHAT +MHAT «NHAT s RLMDA W LENRTH) ZAK]
SLOPE = (SLOPE®BFTASTR/BETAIZ)*I
WRITE(6+700) SLOPE
CALL SOLSION ( OMEGA s HBFTYAI o GAMMA 4, AMACH » P1 )
AD2 FORMAT(#0®///)
700 FORMAT(#0) THF SLOPE IS #2G2l.14)
RETURN
END
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SUBROUTINE NTAU { AN o OMEGA )

REAL N » NVFC

COMMON / NORM / N(3) « Tall{3) » NVEC o TAUVEC » PRINT

DIMFNSION AN { 2 )

PIE? = 2., ® 3.1415924535R979323846

ANR = AN ([ 1 )

ANT = AN { 2 )

N = ( ANR2®2 &+ ANI#e2 ) / 2. / ANR

IF ¢ ANI JLT. Q.0 )} &y A

TAU = (PIFE2=-ACOS(])e«=aNR/N)Y)/OMEGA

GO 170 7

TAU = ACOS{ 1.=-4AMR / N ) / OMEGA

IF ( PRINT .£Q. 10HND PRINT } RETURN

WRITE(A10N) Nf1) «+ TAU(1)

FORMAT(®#0 THE INTERACTIOM INDEX 1S #6321.14+23X% THE SENSITIVE TIME
$ LAG IS # GPl.l4)

RETURN

ENTRY NQORMAL

OET OF A = TAUCII*TANCLYI=(TAU(2)Y~TAU(3)}) + TAU(2}*TAY(2)#{TAU(3) =T
SAU(1)}) +« TAUII#TAU(II#(TAUL(L)-TAL(2) )}

ANR = (N(I)Y#(TAU(2)=TAU(3)) + N(2I®(TAU(I)=TAU(1))} + N(3)#(TAUC(])}-
sTAU(2))) /7 DET OF A

ANT = (TAUCLI2TAU(LIR(N{2)=N(3)) + TAU(2Y#TAUL(2)=(N{3)}-N{1))} + TAU
F(IIFTAUCIIF(N(LY=NI(2))) 7 DET OF A

ANR = 2.%ANR#TAUI(2) +ANI $ PIEZ = SQRT{ANR®ANR+].)}
TAUVEC = aNR / PIE2 § NVEC = -1. 7/ PIE?

IF ¢ TAU LT, TAU(2}) )} G0N TO 1

NVEC = =NVEC $ TAUVEC = - TAUVEC

WRITE(6+600) NVEC + TAUVFEC

FORMAT (#Q0 NVEC = #G21.14% TAUVEC = #G21.14)
RETIIRN

END
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SUBROUTINE SOLSION ( OMERA « BETAT + GAMMA 4 AMACH , PI )

REAL NVEC s N2 + LOWLIM

COMPLEX OMEGA o BETAT o+ RETAI2s OMEGA? +» OMEGAC . BETAIC » ANC
COMPLEX OMEGSTRs OMEGCOR. BETASTRs WORWO + SLOPE

COMMON / NORM / R(3) + TAU(3) » NVEC + TAUVEC + PRINT

COMMON /-RONT / RETAT2 + RETASTR o+ SLOPE
FINPINVECTAUR2«TAUVEC+SINANY = NP#N2® (NVECTNVEC=1.) + TAUR2%TAUZ#(TA
SUVECH#TAUVFC=1.) + N2aTAU>®NVECH*TAUVECH®2.

REWIND 5

READ (3501

REAN(5+500) FPSILON

(3 = 8(1) $ TAU(3) = Tau(nb)
OMEGAZ = CMPLX { 040 +0.0 )

SOLN = 0.0

BETAIZ2 = BETASTR

BETAIZ2 = BETASTR ~ QMEGAP#SLOPE

OMEGAC = OMEGA+EPSILON#EPSILON®OMEGA?
BETAIC = BETAT+EPSILON*EPSILON#BETALZ

ANC = 1./GAMMA-BETAIC/AMACH
CALL NTAU ( ANC + OMEGAC )

CONTINUE

OMEGINC = =,10

OMEGAZ = CHMPLX ( =10.0 « 0.0 ) % NDMEGSTR = OMEGA?
SOLM = a9

PRINT = 10HNO PRINT

KOUNT = B

IVEC = 1

HETAIZ = BETASTR = OMEGA>#SLOPE

OMEGAC = OMEGA+ERSILON#FEPSILON®OMEGAD

HETAIC = AETAI+EPSILON®EPSILON®BETAL?

ANC = 1./GAMMA-BETAIC/AMACH

Call. NTAU ( ANC + OMFGAC )

GO TO ( 22 + 23 ) » IVEC

G x FIB=RI2) NVECyTAU=TAU(2} + TAUVEC«SOLN)}
IVEC = 2

OMEGAZ2 = OMEGA2 + CMPLX ¢ OMEGINC « 0.0 )
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GO0 TO0 21
23 Gl = F(B=R(2)+NVEC»TAU=TAU(2) « TAUVEC+SCLN)
IF [ G1% GluLTe 1eE-18 .NR, (G1=-G)®82 ,LT. 1,0£-100 % GO TO 2¢
BETAl?2 = (OMEGSTR®*G1-OMEGA2#G) /(G1-6)
OMEGSTR = OVMEGA? $ OMERAZ = AFTALZ
KOUNT = KOUNT + 1
IF { KOUNT .GT. S00 » GO TO 25
G = 61 % 60 70 21
24 CONTINUE
WwORW( = OMEGAC / CMPLX(1,R4118378.0.0}
WRITE (64606)
WRITE(6+600) RETAT?2, OMEGA2. EPSILONs OMEGAC. WORPWH, RETAIC. ANC
PRINT = 10H § WRITE(64605) B(1) o« TAULL])
NIS2 = SART((B=-A(2))#(B~R(2))+(TAU-TAU(2))#(TAU=-TAU(2}))
WRITE(6+4603) DISP
WRITE (6701} KOUNT
NP = B = B(2) § TAU? = Tat) = TAU(2) % WRITE(6+:702IN2,TAUZ+G461
IF ( SOLN ) 28 +» 20 « 29
28 EPSTILON = EPSILON + .10
IF ( EPSILON ,LT. 0.S1 ) GO 70 30

B{l1) = 3() % TAU{lL) = TAU(D
RETURN

25 WRITE(As607) EPSILON
GO 1O 24

29 OMEGAZ2 = CMPLX { 10,0 » 0,0 )
IVEC = 1 % OMEGINC = =,10
SOLN = =1,0 $ KOUNT = 0
PRINT = IOHNDO PRINT $ GO 10 21

S00 FORMAT (2SX+F1Na0)

S01 FORMAT({//)

600 FORMAT(#0 BETAIZ2 EQUALS #2621.14,12X* OMEGA? EQUALS #2G2l.14//
g% FEPSILON EFQUALS ®*F10.5//
$% O0OMEGAC EQUALS #2GPlel4+12%X* FREQUENCY RATIO EQUALS #2G21.14//
g# DQETAIC ENUALS #2GRPl.jas12X* N CORRECTED EQUALS #2G21.14)

A0S FORMAT(#0 THF INTERACTION INDEX IS #G21414¢23X%* THE SENSITIVE TIMF
$ LAG IS ®#G21.14)

406 FORMAT (#g#1735(1HS))

607 FORMAT(#0#S0(H®)® FOR ERSILON EQUAL #F4.2% IT DID NOT CONVERGE®)

~08 FORMAT (#0 NORMAL DISPLACFMENT = #G21,14)

701 FORMAT(#0 KOUNT FQUAL #T110)

702 FORMAT(# N2 = #G21.]4% TAUZ2 = #062)1.14#% G = #6G21.14% G) = ®0621.14)
END



SUBROUTIN
INTEGER T
COMMON 7/
COMMON /
COMMON /

F WRYTE
APE NO
BLKA / A{3))
RLKA 7/ BR((3IaT)
BLXC 7/ C(3s1)

COMMON 7 BLOCK 7 D(1RN5)

DATA TAPE
GO Y0 (1

1 TAPF NO =
REWINIT 1
WRITE (1)
$=1+1845)
REWIND |
RETUR~N

2 TAPF wNOQ =
REWIND 2

NO 7 Y /

» 72 ) s TAPENO

s
tA(T)+I=1431)

1

L

WRITE(2) (A(I)eI=}s31)

5=1+18405)
REWIND 2
RETURN
ENTRY REE
60 70 ( &

3 REAN{2)
$=1+1809)
RETURN

4 REAN(1)
S=14+1809)
RET!RN
END

D

« 1) o TAPENO

(A{TI)I=1+31)

(A{T)+I=1s1)

+

C-57

(B{I)sI=14+137)

(BCI)2I=14+2567)

(BLI)+1=14367)

(BCI) +I=14367)

{(C(I)aI=1+3R3)

(C(E) e I=14+353)

(C(I)oi=1a363)

(C(I)sI=1+363)

(N{I) o1

(DCT) o1

(D(I) o1

(D) o1
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THE FORM OF THE INPUT DATA IS

0.90 2.700000000,230000001.20 0.916¢ 2. 00

REFEREHCE ©0.230
0 3 30HD

5.0 0.0 0.0 0,90 0.910 0.010 11

0. 01D0OVEDY. BROUED000. 200000000, DOVOOOLY

THE vALUE OF EPSILON IS 0.10
-10.9 +0.19 #10.90



THIS 15 ENGINE NUMAER REFERENCE

THE MACH NUMAER [5  ,33000000040000

THE FRENUENCY IS 1.7307127532000 0.

THE PRIMARY MODE ASSUMED IS LMAT = § MHAT = } NHAY a
WD 3 .94000000000000 0

RETAN = 2,749999099999Q95E~02 0.

RETAC = . 1AKGAKBALHERET 0.

RETAWT & ,22861576491221 +12798019395853
AETAVID = .228415T4AS1221  41779AN19395453
RETAT( 1) = =,125A17526045A1 %,42192605297168F~02

RETAL( 2) = =8,86371420227920E~02 ,21437026213A29
RETAIL 1) ® =4,74063589T17710€=02 ,2117635345814)
BETAI( 4) = =5,6180715712924AE=02 .2097495169A9)8
RETATI 61 = =5,305123717SA145E-02 ,2150A34358R94
RFETATL 8) = =S, 10804BAIMTISTE-NZ  ,21411940711915
BETAT( 71 = =5.10049049770763E-02 ,21621064176020
THE INTERACTION INNEX IS 7070940293083

THE INTERACTION INDEX 1S  .50330643846113

THE COEFFICIENT MATHIX 1§ 3 « 30

THE RATIO OF SPECIFIC HEATS IS
YHE LENGTH OF THE COMHUSTOR 1§

THE LINFR BEGINS AT 0,0000 AWD ENDS AT .S000

« 9L BEAHEEELHELE -

.G = Ds
K® 5,0000000000000 e
M= L 18116640329633 ~«IBTRIBTHNSEILT
N & (14116440329623 =«IATB1876955917
N =  1,213992503169) -+16430072047793
N = 1,1019307334024 -+ 70990908526 754
N a +9769RA%6H5HT]1A *+ 6404955593178 7
N = 1,0035779264028 ~.61560460299751
N a «894094ASH1O0E5] -065]7679R7qz709.
N =  _9A813045101053. ~ e 64RBABEARPIINA
N = «QRTA9GTIZ05]1 T4 =, 64912106593999

1.2000000000000
2+7000000000000

THE SENSITIVF TIME LAG IS  2.48661512359)6
THE SENSITIVE YIME LAG IS  3.2269990766139

65-D



AAAAAAAAARIIAhAAAhn\AAAAAAAAAAAAAAAAAAAR&AAAAAAAAAAI\

SECOMD 0ORDER.
LAAAAAAL AL AL RS A4 I 8 A AT TV e N T VIV IV IVIV IV aVIVIVIVIPIVEvTe:

-4

C-N- ENN- NUN RSN EEN_ ]

e s s s met
O NP AP INOOD N NL WY =T

~»
-]

L EQuaL | To 9
S.4TASAGE=QN 2uhZ2WNLE=N2=Y2lINARLF=-02~44,R2711AF=N]
2.,50197AF+07 1.A5AN20F=02«2,7705845r=02 1.)1A27hF=0P
2,510791E-07 1,056714F=01-9,595609¢ () |, 00AQ9&F~02

NO LINER

Ly WDRP2TE=Q2=3ANTPP4E=01=0,400T71NF=0])

=1,796550E=07

=S.ATA112E-07
=2+AARAG F=0)
=1+SA9505E=021
*1+1MA500F=0)
=R, 1551 39E=04
=he 4R 2E~04
=4 QhTP2E-04
=4 19T TAAE=Qu
=3 ATV TSE~O0
=2 VGTIRTE~ NG
=2.657374E«04
“2+?1H ) 1AE=Ds
=]« 2754 7HE=(4
=1 T2154KE=04
=ls6aR0412FE =04
=] ITTHROF=04
=] o Y9954 5E=D4
=l 1 PRG50E=04
=G, 92VAaK1E-05
=%.417991F=-08
=R.350642F=05
=T 90254 E=05%
=T.128797F=-0%
=5,A%4219£~09
=he 15401 6E~0S

. L EQUAL | TO A M EQuaL 2
S.490727E=02=
4.R0APR0E=-02=2,A0254AE=02
1.T99997E =021 +5H402F =02
LYRILEMRLAL N

1.575A41F~03
=1+ T031E=08
=4 S LASPPE=06
=S.1001)AE =06
=h oW NHAIE=04
b 2RT2P2E=00
EEPFLELDL Y T T
=1,213297€=-00
=24 RAARIPEn0n
=2.64R3RIVE= Q4
=2.211945F+04
=) ARTYE-NG
«1«TSARAAE=(u4
=1+S52A91BE=04
=l.41A000E~04
=1.26V122F =04
1 IA2IAZE=0R

Ve 224hATF=01e] 4AJRIQUF=P]
Pal4}271F=01=-9,51872|F=04
e He ) JuAF ~NunS  AGTY | AF-04
Fa l9G402F «0h=1,38R497F =04
VaQARBPIE=04=2, 1) SA52F =04
1eNS540IF=naa] aTT1IAYF =14
PelleRRBEeny=],]120004F =04
1eAS0MA0F ~0u=T o Ta]1BaaF =05
1at2H ) ATE =LA 29AG2TF =05
1+P51I86F=04=a,607033F =05
IsN0 L4 TR =04=7.9464N00F =08
Qe 70MBFE~G=1.10RS00F~05
TobbhVAF - NSe D 6T 1HHRIF 05
H2A98NA2F =NG=D , 10 H6H4F =05
SeTBTSH2F=N5=1,922A042F (15
Qeu29H99F «(5=1,5454J0F =K
LeB0SLASE~0R=1,44A7220=05
42391 304F=05~1:1RV145F =05
T THAZ2GE=05«1,]127515F =05
Ve b27T4bE=N5=9,350004F=06
V. 1393ATE=05=-9,0317503F =96
V204G ATE=05=T,HTAS ) 4F =06
2465H115F=35=T, 41 n04LTF =08
PeS599BARE=0G=£,2TNPAINF~0h
2+2RA0R4F=05~A, 190NNLF=04
2226 ITHORE~0S~S.27TIBIF=06

W OEQuAL @&

baPDAAATF =N
1« A4IARF =03
&.R172070F~04
J)ALANRF =04
1a714042F =Dt
S TSL1ALF =08
haB4(5206-N8
Ge 265 APF=05
A.295727F =05
2+41124F~058
1+9750A4E=D%
1+4R1APTF~05
13214 TRE~0S
1.02R630F =05
Q.513404F~05
Ta597112F=0h
Te20RYI9F N6
SsARAGLTE=-NA
S+H69169E=06
446AI2AAF K
45H690TF~0R
J.RN09SSF =04
e T94454E=06
I 19RIAIR=06
JL 1952RAF =0k
2+ TLIRRAF =R
2+7TI04M0E-DA

BoINIRGKE~064 4, 13920AE=04
To42R42€C~N4=h, T4I60IFE=DS
Y, 1S9720E=04=2 ,S697A)E =04
1123 =06=1,541PRPE~N4
Ta2I9PUAF=NG=G,TT 41 F=n5
4aRSYRAIF~05~A,SINPLOF =5
4o?P1ATAE=NS=4.T1I224F=0S
Ja2TNATE=NR=3, 501 892F =05
PoBTITIRE=NR=2, 46 ) N22F=N5
2. V97 3APE NS~ 0TROIAE~DG
20195A92E=05=],824 V1 4E=05
1«AOLASE=NG=1.32259%F ~05
1.667304E=058=1 0604 |E=D5
1:3PARNAE=05-A.960964F =06

Je 2901 2E~05-7.YI93R1E-0%

14N9)1ARTE=)5+R, IR TRRF =06k
1e022R64FE=05=8.33 1 A94E~06
A TRZELAE=NAH=4, TATIASF-06
R PTHARIE=NA=4. 0 INS97F =Nk
TelhJaPSF=Nh=1.6R0104E=06
HoR1GSAOE=06=. 14 T50TF =04
5o 952 WARE-NA=2.921342E=06
S4A999RE«NA~P .52 A96AE~0A
S«01T4RTIE~NE~2.37741E~06
4aRIZHGUE-QH-2.06H66TF =06
GaPH2NARE=N6=] 49T 1429 =0k
G L4BIP2E=NA=] . T26590F-06
3. H958ATE~0A=1 .01 61AF=NA
3aSUH2AAE=NA) L 4L VRTIE=DS
A:219931E=nb=1.41992|F=nh

A ABATSSE=G 9,745]175F =04 S5« ABASSNE-04-2, 7S14RIE-NG=1,25TNTNE=(4

1e099791F=0)=1,052RRE=N4=2,119571F =04 #.509926F=06
49318 RF=Qa=) 5TISTPE=06~RA . A24NSRF=AS A, TPRASDF =05

Ve1STSAIE=0T 1.519T00F=04~24 11941 1F~04=T1, AT 1 TE=05 4,40A729E=-05
$«8975209F =04 9,890216F=05=]1,319R2IF =042, 0T07STE-NS 2.97RTHAE=0G
RatAR211IF=04 A 6IRABIF=NS=A,KAQ0TATF=05=],I99]1G4E-05 2+ LAASAPE=05
A4 ) 2500F =04 S, 69 NR44F=05=h. JALISTE=(R=] P RH609E=05 1, 7T75140F =05
4aA05020F e i G ATHLTIF=06=4,510TA2E=05=1.071470F=A% |, 19)AQF =05
Y I6DTIIE=0% V1 92A16PF =053 ITT] VAE= 059,83 IYROE-0R ). 16PS29F~05
PeBTIARITE=08 110596 AF=05=24611R4)1F=05«R,4459] 1 E~06 9. 732204F-06
19682200 =04 2,84 AKIF=05=2, 0231 79F =(08=A, P11 7 =08 A, 2171 1PF=0A
12609343E=04 2,12090F =0R=1 . 6I060RF=05=T,1AN 1 IF=08 7,.079550E=06
Fe2REIP26E=04 2, 1240950 ~0R=} s ID6PAIE=05=A,99721TE=NE 5,9R2R1GE=NA
1e09RBIAF Ny 1, TALATAF=08=1.101704E=05=5,0T77920E=0h S, 1HATLAF=06
ReFHISATE=08 1.H1103F=05=0,9R5150F =0h~5,9101 | 0F~0A R BINTITE=0E
Te9STen1E=08 1,37I8771Fapi=TaRI]544F=0R=5.1544R6F =Nk 1:+F10ARTIE=NG
AehSATLIF NG |2 PRLPHOF=0R=6.5NT994E=0A=4, 999709 =0k T, IAANIAF=0K
A NA2F14F =05 1, N0TSTOF=05-SR2LASAE=0A=4 ., 1TFGu0F «0h A, N1 28964E=10
Sel1531AF =08 1. 01VATAF=05~429) I579C=06=4, 246ATTE 0K 2.6096RIE~0b
£aT4GARLIE=0S AN EF =00~ b 92 RAE“0A~T,TITYOIE=0A 2,37064SF=06
4e08AZL0F=05 A.4RV5A)F=0h=T.BISAIRE=06=1.62R442E=06 ?,066]69E<08

09D



21 =1 NP9195E~04 Vo HILFLYE=NS
22  =9.AGA9TRE~DS 1.13|521F=n5
23 =R ASOAPKE~DS 1. 1631234F=05
24 - =R,PNARRIE=0S FaT6IQATE-15
25 «aT.VRANTRE=DS P+AS5]55F=n5
26 =T,93)905€=05 P2 V405813F«ns
2T =Hs ITTHOE=05 226129605
28 =hMRQ029E-05 2.004603F=0S
29 =S,527711E-(05 )1-949571F =05

THE SLOPE 15 =.26713422882175% 1:34R0152949050

THE INTERACTION INNEX IS «6419061105R035

Tk Q0SHOF=0h= eSO THATE“DA=1. P06 TAL=0H
T 0TARSTIF=06=s 0TAOTIE=0R=0, 121 60AE=-0H
6.221230F=06=2,901R2E=06h=2, TT4049FE =06
SeQATTHIF=06-2.5220 1 6E=0A=2, TOS2ROE=05
S5+ 10190 =06=2:4070V7FE=06=2,4)531AE=-04
SslPAGLTIF=0L=24 195900E=0A=2. 361 Y4SE=0A
HaSHRRLPFeOA=2, 029049 F=0n~
G 4uNSTTF=0A=]« TASSTSE=0”=2,0754619€E=0A
V2 9T5921F ~0b= 1+ TI494PE~06~1 LBAR) HAE~06

1e¥OZWIAL =1
1+6AR162E=08
1+555401E-0n s
1« ITOAKRE=0S
1:292072E=04
1.143963E=06
1.0R8R11E=0K
9,6T9TARE =07
S42919T1E-DT

?+117206E~06

FHE SENSITIVE TIME LAG IS 3.258A12051248213

1!iii§$$SSiSSiSSS‘SiSiii!iiii$$‘15$S‘1tt!‘Ii‘i!ii$$$$$‘1‘$$5iii$$$$\$“ii‘isi$i‘S‘iiiiiiﬁ!iiS‘!i‘iiiii!SSSS$$‘Sii‘ii&ii‘i!ii‘iii!‘%iiSi

RETAL2 EQUALS  .SS5T410TINLATG - TARI0K254 72199
EPSTLON E0UALS +10000

NNEGAC FAUALS 1.7356130444750 B

RETAIC FOUALS  +233973357h2278 (17071713140728
THE INTERACTION INNEX JS  ,5967A134399513

NORMAL DISPLACEMENT * 1.5R40INS6279TT6F~02

KOUNT EQuaL 22
N? ® =6,52507646599415E-01 TAUZ =

OMEGAZ EOUALS  «492029147499%:4 0.

1
FRFOUENCY RATIO EQUALS 1S4 2/723521T2TA Oe

N CORRECTED EQUALS «12432315A72006 “+J6LSITIATSOO0TS

THE SENSITIVE TIME LAG 15 3. 2414331643258

1e64340297T11T651E-02 6 = ‘l-S?H]leSE?O]?EE-OQ Gl = ~S.BITA5INAZ2AL29E=11

LRI E A AR ARttt bl Rt L Rt e A At Tt il It I 1 Ty LIttt e s It I 13Tt itt ety Tty YIeTrICTLL!

AETAIZ FOUALS  +5R5AA4S9715059 - TRA94TICO94ATH
EPSILON EQUALS 10000

NMEGAC ENUALS Le7I38I7TISIAAY 0.

RETAIC EQUALS  +2339745928AS72 ,17031071434504
THE INTERACTION INDEX IS  ,S5967J85A200707

NORWAL NISPLACEMENT # 1.SR4PASO09TT6IATF~D2
KOUNT EfIAL 26 }

N7 = =6.,5ATATELS4107H2E=07 Tau2 = 1,461709383508R9E-N2.6
AAAAAAAAMAAARAAAAAAAARAAAARAARARAAAARRAAAAAAAAAAAAA

SECOND ORDER, W/ LINER

WYY VYV YV VYN Y VYV Y VY VY Y Y Y VY Y YRV VY VNV Y

N L Eoual | 10 3 M EOHAL O
G210G642E=07 27922 TEE=A2=V.2410T)F=2=56.509413F~01
221891 20E«02 2o IRPOARIF=N2=2,91TITPF~02 AL 445A%IE=0D
LePVPANRE =02 S 4RT2N9F=()=]1,0597R2F=02 R 4uTT4IF=0)
2uTIPS5F =2 T40S1PPI5=0T=4,094402F=02 I,56A390F 0]

=146V NG0E=0P =S 0372909F mN V=2 LiuPRPF=0NT 1 4Ab4KEF=0)

=3 12V20E=~01=24 14949TF=R1=] 23152AF~N] S.AEVS15F =04

VP LN~

OMEGA? ENUALS  +49240R21AA9194 - Q.

FREQUENCY RATIO EUQUALS «G42AT4BR9AGTY 0.
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